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VECTOR METHOD 


INTRODUCTION 


1. The Object and Scope of the Book.—The present work, 
though not a textbook of general electrical theory, is intended 
for the use of students of electricity, more particularly for stu- 
dents of applied electricity in the domain of light and heavy 
electrical engineering. Its object is to provide such students 
with a useful mathematical equipment for the solution of many 
of the theoretical and practical problems likely to be encountered 
in the study and the practice of this subject. 

The method considered is that which has hitherto been vari- 
ously described as the “Symbolic Method,” ‘“‘Complex Algebra,”’ 
or the ‘‘ Rotating-vector Method.” 

In the first part of the book this method is developed on the 
basis of the simplest possible definitions of the quantities involved, 
its essentially vectorial character is elucidated, and, in addition, 
certain fundamental propositions are established by means of 
which the range of the applicability of the method is extended so 
as to include the analysis of transient alternating phenomena. 

The remainder of the book is devoted to the practice of the 
method, illustrated by application to certain typical branches 
of electrical theory. The treatment of such typical subjects is 
not intended to be detailed or complete. They are presented 
in outline only, in order that the application of the method may 
be illustrated over as wide a range as possible without obscuring 
the main object of the book by excess of detail. 

2. The Necessity for a Work of This Character. ay may be 
of interest to relate how this book originated. As a student of 
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electrical engineering, the author had long been familiar with the 
rotating-vector method of representation of alternating-current 
relationships, and had fully appreciated its many and important 
advantages over any purely algebraic method of analysis. Dur- 
ing the same period he was studying applied mathematics and 
electromagnetic theory, and, in connection with these subjects, 
became acquainted with pure vector analysis as developed by 
Heaviside, Gibbs, and others. He soon noted that, while many 
fundamental ideas were common to both these applications of 
vectorial notation, there were some apparent differences and even 
inconsistencies. For instance, in connection with alternating- 
current theory the symbol “‘}”’ was defined as being the imaginary 
quantity »/—1, and expressions such as (a + jb), (R +jX), 
etc. (a, b, R, X being scalar quantities) were variously described 
as complex numbers or vectors. In so far as-the quantity (a + 
jb) could be represented by a line having a definite magnitude 
and direction, the term ‘‘vector’”’ seemed an appropriate descrip- 
tion of it, since magnitude and direction, taken together, are 
the essential characteristics of a vector. A difficulty arose, 
however, in the application of this notation to telephone and 
telegraph transmission problems, where expressions such as 
(a + jb) (ec + jd) are encountered. If each of these factors is 
properly described as a vector, the product of the two is pre- 
sumably some form of vector product. In the system of pure 
vector analysis, two types of vector product are recognized, the 
sealar product of vectors and the vector product of vectors. 
The expression (a + jb) (ec + jd) did not appear to fall into 
either category. Was this, then, a third form of vector product? 

The persons to whom the author put this question agreed 
as to the distinction between this expression and the usual forms 
of vector product, but they were unable to resolve the apparent 
inconsistency in nomenclature and interpretation. This, how- 
ever, the author was eventually able to do for himself, for a 
careful consideration of the fundamental ideas involved soon 
showed that, in relation to the rotating-vector method of analysis, 
expressions such as (a + jb), (R +]X) ete. are not properly 
described either as vectors or as complex numbers. ‘Their true 
character is that of ‘‘versor operators,” having a certain definite 
and calculable effect on any vector operand with which they are 
associated. In the representation of such quantities by means of 
lines of definite direction and magnitude, it will be found that 
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some unit vector operand has been implicitly assumed, usually 
a unit of length in the direction of the “x” axis of coordinates. 

By making this unit vector operand explicit instead of implicit, 
it was found that the nomenclature of pure vector analysis and 
of the rotating-vector method in alternating-current theory could 
be brought into perfect harmony. 

3. The Symbol ‘‘j.”—It has always seemed to the author 
that the interpretation of the symbol “j”’ in the rotating- 
vector method as the imaginary quantity +/—1 is neither 
necessary nor desirable, and is due more to the historical develop- 
ment of the subject than to its logical requirements. 

His experience has shown that the introduction of the terms 
“imaginary” or ‘“‘complex”’ into what are essentially real and 
simple operations is a definite hindrance rather than a help 
to the student when he first makes the acquaintance of this 
method of analysis. 

The student eventually realizes that all he need understand 
of the symbol “j” is that it rotates a vector through 90° in a 
certain defined direction, and thereafter the terms ‘‘imaginary”’ 
and ‘“‘complex”’ cease to have any other meaning in this connec- 
tion and so lose their power to mystify his intelligence. 

This being the case, is it not simpler to make this final concep- 
tion of the symbol also the initial one; to define it, that is to say, 
as an operator having a certain defined effect on any vector 
operand with which it is associated? On the basis of this simple 
and easily comprehended definition the whole structure of 
the rotating-vector method, including all the necessary operations 
of what is known in pure mathematics as ‘‘complex algebra,” 
can be built up into a logical and self-consistent whole. 

It is on the above principles that the author has compiled the 
present account of the subject, and he hopes that in doing so he 
has succeeded in clearing away for other students some of the 
difficulties which he himself encountered in the earlier period of 
his studies. 


CHAPTER I 
VECTORS AND VECTOR OPERATORS 


1. The Definition of a Unit Vector.'—A unit vector is a unet of 
length measured in some definite direction in space. 

Such a quantity can be represented by a line of unit length 
measured in the given direction. It is usual to terminate the 
line with an arrow head to distinguish between the initial and the 
terminal points of the line. Thus, the lines AB, CD, EF, and 
GH in Fig. 1 can be considered to represent the unit vectors 
a1, by, Ci, and d, respectively. 


B D 15 
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It is important to realize that the essential element in the above 
definition is the idea of direction as distinct from position. Thus, 
AB and CD considered as unit vectors are identical, since they 
have the same direction, 7.e., 

a, = bi. (1) 
On the other hand, CD, though equal to. EF in magnitude, is 
opposite to it in direction, therefore, 

iin = Ci, (2) 
though, since the lines which represent b; and c; are parallel, 
there is a relation between these two unit vectors which will be 
considered later. 

Again, GH is equal to any of the other lines in magnitude, but 
the unit vector d; which it represents is unequal to aj, bi, or ¢4 
since it differs from them ali in direction. 

1 Bibliography, No. 22. 
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For convenience of reference, the symbol v will be used through- 
out to denote the unit vector whose direction lies in the plane 
of the paper and is parallel to the bottom edge of the page 
measured from left to right. It is represented by the line 
MN in Fig. 1. 

2. Derivation of a Vector from a Unit Vector.—Starting with 
some unit vector, say, v, its length can be extended a times 
without altering its direction, a being any positive real number. 
The resulting quantity can be represented by a line a units in 
length drawn in the direction of v (Fig. 2). 

Such a quantity is termed a “vector.”” The term can equally 
well be applied to any line such as AB (Fig. 2) which is used 
to represent the vector, since in the true sense of the word a 


C D 
a 
A B 
a 
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vector is not confined to any definite position in space, but only 
to some definite direction in space. Thus, the lines AB and CD 
in Fig. 2 are both the vector a. 

The relation of a to v can be expressed by the equation 


a= ey, (3) 


which means that the vector a is in the direction of v and that its 
magnitude is a times the magnitude of v. Another way of 
considering the matter is to regard a as an operator the effect of 
which is to increase the length of v a times without altering its 
direction. 

It is clear that any vector whatever in the direction of v can 
be represented as v multiplied by some scalar number. In 
general any vector can be similarly expressed in terms of a scalar 
number which defines its magnitude and some unit vector which 
defines its direction. 

3. The Rotation of a Vector in a Given Plane.—lIn the pre- 
ceding paragraph it was seen that the scalar coefficient a (Eq. (3)) 
could be regarded as an operator, the effect of which was to 
increase the magnitude of its operand, in this case the unit vector 
y, a times, without altering its direction. The natural comple- 
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ment of such an operator is one whose effect is to alter the direc- 
tion of its operand without altering its magnitude. Such an 
operator will, therefore, be defined in the following terms: 

The operator j is one whose effect is to rotate its operand through 
90° in a definite sense in some given plane, without altering its 
magnitude. 

In all that follows the given plane will be taken to be the plane 
of the paper, and the sense will be taken to be counterclockwise, 
D z.e., the operator j is one, the effect 

of which is to rotate its operand 
through 90° in a counterclockwise 
sense in the plane of the paper with- 

jy out altering its magnitude, it being 
understood that its operand is 
always some-vector or unit vector 

C 


——— whose direction lies in the plane of 
Fie. 3. the paper. 


Thus, in Fig. 3, since the unit 
vector v is represented by AB, then jy will be represented by CD. 
4, Vector Addition.—Given two vectors a and b (Tig. 4) 
represented by the lines AB and CD, what is to be understood 
by the sum (a + b)? 
D 


Jane, 4. 


The idea is most easily appreciated by regarding the addition 
as the going of a certain distance a in one direction, followed by 
the going a certain distance b in another direction. The result 
will be a displacement of magnitude, say r, in some new direction 
which will, in general, be different from either of the other two. 
The process can be represented graphically as shown in Fig. 5. 
It is in this sense that the vector r is said to be the sum of a and 
Dy 6, 

r=a-+t+b. (4) 
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It should be noted that the result of adding two vectors is 
independent of the order in which the process is performed. 
Thus, r in Fig. 5, which represents the addition of b to a, is 


D 


a BC 


Tie, Ge 


identical with r in Fig. 6, which represents the addition of 
a to b, 2.e., 
at b= ba, (5) 


DA 


Imes (Or 


5. The Significance of the Negative Sign as Applied to Vec- 
tors.—In view of the above (Par. 4) it is obvious that, for the 
unit vectors b and c illustrated in Fig. 1, 


b+c=0 (6) 
or b = —c, (7) 


Thus, if two unit vectors (or vectors, by a simple extension of 
the same reasoning) are related as shown in Kas. (6) or (7), then 
they are equal in magnitude but opposite in direction. Another 
way of expressing the same thing is that the operator —I reverses 
the direction of its operand. 

6. The Subtraction of Vectors.—An immediate application of 
the above (Par. 5) is that the subtraction of one vector from 
another is essentially of the same nature as addition, 7.e., 


a—b=a+(-b), (8) 
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in other words, to subtract b from a it is only necessary to 
reverse the direction of b and then add it to a. The process is 
illustrated in Fig. 7. 


It should be noted that 
a—b= —(b—a). (9) 
This is illustrated in Fig. 8, and is, of course, in accordance with 
the usual rules relating to the negative sign. 


A “we 
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7. The Addition and Subtraction of Any Number of Vectors.— 
The processes illustrated in Pars. 5 and 6 can obviously be 
extended to any number of vectors. Thus, in Figs. 9 and 10 


mi=a+b+ec (10) 
tf =a + bi— c. (11) 
Further, since b+c=c+b (12) 


then at+b+c=a+ct+hb (13) 
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and, since any order of the letters can be obtained by interchang- 
ing them two at a time, it follows from Par. 4 that the result 
of adding any number of vectors is independent of the order in 


which the addition is carried out. For the reasons already given, 
the corresponding case of subtraction does not need separate 
consideration. 


Fre: 10. 


8. The Vector, av + jbv.—It has been seen that av is a vector 
of length a units and of direction parallel to that of vy. The vector 
jv is of unit length and is in a direction perpendicular to that of v 
in the plane of the paper. Thus, bjv or jby is a vector b units in 
length and of direction perpendicular to that of v. The addition 
of these two vectors in the manner described in Par. 4 will give 
rise to a new vector differing in direction and in magnitude from 
both av and jby. In the above a and b can be any positive or 
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negative real numbers. The addition of the two vectors is 
illustrated in Fig. 11. | 
Since the angle ABC is a right angle, the magnitude r of 
AC is given by 
fee ta > De (14) 
or r= Va? + b? (15) 


ETGemlelts 


and 6, the angle between r and v, by 


b 
tan 6 = pe (16) 
Thus, putting av + jbv =r, (17) 
r is seen to be a vector of length 
r= Vat (18) 
whose direction makes with that of v an angle 
b 
= tan™' (19) 


9. The Operator (a + jb).—The two operations involved in the 
preceding paragraph (7.e., multiplication by a, plus the result of 
multiplication by b combined with a positive rotation through 
90°) can conveniently be grouped together into one expression, 
since both have the same operand, 7.e., 


av + jbv = (a+ jb)v =r. (20) 


Thus, by operating on v with (a + jb) it has been turned into 
a vector r of magnitude (a? + 6)! and of slope relative to v given 


b 
by @6= tan? > In other words, the effect of the operator 


(a + jb) has been to multiply the magnitude of ybyr = (a? + b?)? 
and to rotate it through an angle @. 
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These quantities r and @ depend only on a and b, and not on v- 
That is to say, the effect of the operator (a + jb) is independent 
of the magnitude and direction of its operand. It may, therefore, 
be said that the effect of the operator (a + jb) is to multiply 
the magnitude of its operand by r = (a? + b?)! and to rotate it 


through an angle tan! 73 in the plane of the paper in a positive 


(anticlockwise) sense. Thus, referring to Fig. 12, if z be a vector 
of magnitude z, whose direction makes with that of van angle ¢, 
then (a + jb)z is a vector of magnitude rz making with v an 
angle (¢ + 4). 


G 


10. Alternative Form for (a + jb).—Referring to Fig. 11 
(Par. 8) 


a = = = cos 0 (21) 

Sa Tr cos. (22) 

Similarly, be tisin @ (23) 
(a + jb) = r(cos 6 + j sin 6). (24) 


Thus, any operator of the form (a + jb) can be put in the form 
r(cos 6 + j sin @), where 
be Va Sb? (25) 


= ne 
= tan ae (26) 


11. The Operator (cos 6 + j sin @).—Since the effect of operat- 
ing on any vector with r(cos @ + j sin @) is to multiply its magni- 
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tude by r and to rotate it through an angle @, it is clear that the 
effect of the operator cos @ + j sin @ alone is to rotate the operand 
through an angle @ without altering its magnitude. 

Thus, the operations represented by r and (cos @ + j sin @) are 
complementary to each other, since the one alters magnitude 
without altering direction, and the other alters direction 
without altering magnitude. The former is sometimes called a 
“tensor operator” and the latter a ‘‘versor operator.” 

12. Alternative Form of Expression for (cos @ + j sin @).— 
It will be convenient to find a more compact form of expression 
for the operator (cos 6 + j sin 6). For this purpose the nature 
of the operator } must be considered a little more closely. 

From the definition of j 


jjv = -v (27) 
dipesedi Loe (28) 
jijJv = v. (29) 


If by analogy with the notation of scalar quantities, successive 
operations with j be denoted by powers of j, the above becomes 


j?y = -y (30) 
eee (31) 
jtv = . (32) 
j= 1 (33) 
iS ie (34) 
jt =. (35) 


Thus, powers of j are related to unity and to each other in the 
same way as corresponding powers of \/—1. It should be borne 
in mind, however, that this fact does not necessarily establish 
any identity between j and ~/—1. The symbol j represents an 
entirely real operation, whereas ~/ — 1 is an “imaginary quantity.” 
It is enough for the present purposes that powers of } and powers 
of \/—1 have similar interrelationships. 

Returning now to the operator (cos @ + j sin @) and utilizing 
the series form for the sine and the cosine of a real angle, 7.e.,! 


6? 0° g° 
cos 9 = 1 — a1 Lee Kies 61 = ele. ele Gd. 1nh. (36) 
: 63 6° 67 : 
sin 6 = 6 31 + BI 7] + etc., etc. ad. inf., (37) 
then 
anes : 0? “0° 64 6° 
(cos 9+ j sin @) a lilo): lava tes 


eic., ete. ad. inf. (38) 
1 Bibliography, No. 238. 
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In virtue of the properties of powers of the operator j, this can be 
written 


] 2 ] 3 
(cos @ + jsiné) =1+ja+ me “f we + etc., etc. ad. inf. (39) 
By analogy with the series form of CL cee 
2 3 
f=1l+ez 5 ae +... ete, etc. ad. inf., (40) 


the series above can be denoted by 
(cos 0 +j sin 6) = e”. (41) 


It must not be assumed, however, without further considera- 
tion that the j@ in the above expression, 7.e., é”, is really of the 
nature of an index, and subject, therefore, to the ordinary 
laws of indices. At present ¢’ must be regarded as simply a 
short way of writing the series of Eq. (89) though the form it has 
taken suggests that the j@ actually is of the nature of an index and 
has the corresponding properties. 

13. Application of the Laws of Indices to Operators of the 
Form ¢’.—A little consideration will show that the j@ in opera- 
tional expressions of the form e” does, in fact, obey the laws of 
indices. 

Consider, for instance, the result of successive operations on 
a vector r with (cos 6; +] sin 6;) and (cos 02 + j sin 99), 7.e., 

(cos 6; +] sin 6:)(cos 02 +] sin 62)r. (42) 


Operation with (cos 62 +] sin 62) will produce a rotation 42. 
Operating on the new vector thus produced with (cos 6; + j sin @;) 
will give a further rotation 6, 7.e., a total rotation (4; + 62). 
But this is also the rotation which would be produced by 
cos (6, + 62) +] sin (6: + 62). Therefore, 

(cos 6; +] sin 61) (cos 62 +] sin 62)r = 
{cos (61 + 02) +] sin (6: + 62)}r (48) 
or, equating the operators, 
(cos 6; +j sin 61) (cos 62 +] sin 62) = 
cos (6; + 62) +] sin (61 + 62). (44) 


Expressing both these operators in the alternative form ae 


deduced in Par. 12, 
Pla 3 if h eee. (45) 
which is in accordance with the index law. 
! Bibliography, No. 24. 
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The above process can obviously be extended to show that 


em “ ei”? a Pig ; ._ to n terms = Ort Oat bat » . « to.terms) (46) 
and, putting 6:=6:=0;= ...=6, = 0 (47) 
then (ei rer (48) 


where n is any positive integer. 
It should be noted that, in the above, no restrictions have been 
placed on the sign of 6, which may be positive or negative. 


Lin 
Again | (<n | =e. (49) 
1 
irrespective of the interpretation of (€°)”. 
1 


Thus, (e”)» is that operation which, repeated n times, produces a 
total rotation 8, 2.e., 


St jo 
(ee ver, ; (50) 
Further, since 
opal 
do. ei? = Ik (51) 


Dee , fa ee ue 
: j@ is the operator which cancels the effect of e”, 7.e., a produces 


a rotation —@. Therefore, 
1 
cid = Ee. (52) 
In virtue of the above (Kas. (33), (35), (86)), it may be stated 
that, when the operator (cos @ + j sin @) is expressed in the 
equivalent form e’’, the j@ has the properties of an ordinary index. 
14. The Sign and the Magnitude of 6.—In the discussion of 
the operator (a + jb) no restrictions have been placed on the 


Mice. IG 


sign or the magnitude of a and b, which can be any real positive 
or negative numbers. It will now be well to consider the rela- 
tionship which will exist between the magnitude of @ and the signs 
of a and b. 
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The relationship can easily be derived from a consideration of 
Fig. 13, and can be tabulated thus: 


a b 6 lies between 
“+ - O° and 90° 
_ 4- 90° and 180° 


180° and 270° 
+ _ 270° and 360° 


Reference to the above table should prevent any possibility of 
ambiguity in the sign and the magnitude of @ when operators of 
the form (a + jb) are expressed in the equivalent form re’. 
15. Some Important Properties of Vector Operators.—1. 
If (a + jb)y = 0, 2.¢., if (a + jb) = 0, then a = 0 and b = 
0. Otherwise since 
av + jby = 0, (53) 
one would have, av = —jby, (54) 
z.e., a vector equal to another vector which is perpendicular 
to it, which, by the definition of a vector, isimpossible. Another 
way of expressing the same thing is the obvious statement that 
a displacement in one direction can only be canceled by a 
displacement in an opposite direction. 


vee (a1 + jbi)v = (ae + jbe)y, (55) 
ecole (a1 + jbi) = (ae + jbs), (56) 
then a1 = ag and b; = bz, (57) 
for aiv + jbiv = aev + jbev, (58) 
Dee, aiv — asv + Jbiv — jbev = 0 (59) 
or, (ay — ae)v + j(bi — be)v = 0. (60) 
Therefore, as shown above, 

a, — a2 = Oand b; — be = 0 (61) 
or a1 = ag and b, = bo. (62) 

Remembering that a =rcos 6 

and b =rsin @, 


it is easily seen that the above propositions take the alternative 
forms. 

(a) If re? = 0 (63) 
then r = 0 and @ is indeterminate. (64) 
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(b) If Tie ete? (65) 
then ti = To and @)-— 62. (66) 

These two propositions, particularly in their first forms, 
will prove to be of considerable value in the application of the 
vectorial method to the solution of electrical problems, and should 
be carefully noted. 

16. Combinations of Operators.—1. It was shown in Par. 7 
that the result of the addition (or the subtraction) of any number 
of vectors is independent of the order in which the various steps 
are performed. It follows from this that 

(a1 + jb1) + (a2 + jbe) + (as + jbs) + ete., ete. (67) 
= (a1 + jbi + ac + jbe + a3 + jb; + ete. etc.) 
= (a, t ac + a3 + etc.) + (jbi + jbe + jb; + etc.) (68) 
(aa -- jb) a (a2 = jb2) ae (Cer jbs) + etc. = 
(ax -+ ae + a3 + ete.) + j(bi + be + b3 + etc.). (69) 

The addition or the subtraction of operators, therefore, 
consists of the combination of the ‘“‘a”’ and “‘b”’ parts separately 
so as to form a single expression of the type 2a + jZb. Itis 
to be understood in the above that the a’s and b’s are unrestricted 
in sign. 

2. The application of vectorial methods to the solution of 
certain practical problems will sometimes give rise to more 
or less complicated functions of operators involving products, 
powers, quotients, roots, etc. of expressions such as (a + jb). 

The simple product of two such expressions does not involve 
any difficulty, for 


(a + jb) (¢ + jd) 


a(e + jd) + jb(e + jd) (70) 


= ac + ajd + jbe + jbjd 71) 
= ac + jad + jbe + j*bd (72) 
= ac + jad + jbe — bd (i) 


(ac — bd) + j(ad + be). (74) 
The product can, therefore, be reduced to a single expression 
of the form (a + jb) by applying the ordinary rules for multipli- 
cation, together with the fact that } X } = —1. 
In the more complicated expressions, however, such as 
(a1 + jbi)?V (a2 + jbs) 
(as + jbs)® 
a much more convenient and more general method of reduction 
to the simple standard forms is to express each of the component 
operators in the form re’’. Thus, for the example given above 
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(a1 + jbi)? Vas + jb2 _ (rie)? V/raei 

(as + jbs)° - (rsei%)5 

Since, as shown in Par. 13, the indices in the above expression 
obey the index laws, then 


(ai + jb:)? Va + jbe _ 11°r9? 


(75) 


O2 


= \(261 4 503) 

Gens es Cesta : (76) 

Thus, the operator function has been reduced to the form re”, 

where r= ry2re'r37? (77) 
) 


It can now, if desired, be put in the form (a + jb), since 
a= reos? and b= rsin é. (79) 
To take a numerical example, 
(4+ j5)2V7 + j9 _ 
(Sar? Es 


oe y 130 Pale? tan-! 1.25 + 4 tan7! 1.29 — 5 tan .125) 
= 4.064 10-3 ei@ X 51°21’ + 4.52912" — 5 x 7°8’) 
= 4.064 1073 <i 93°8" 
= 4.064 X 10-*(—cos 3° 8’ + j sin 3° 8’) 
—3.98 X 10-? + j 2.22.x 10-4. 
17. Some Special Cases.—1. A case which frequently occurs 


in practice is the inverse operator to (a + jb), 7@.e., moe 


Applying the method of the previous paragraph, 
1 1 1 


— = — E€- j9 
a+jb re? rs ef » 


whence it is clear that divides the magnitude of its oper- 


1 
ab 
and by r and rotates it through an angle @ in a negative, 7.e., 
clockwise, sense. 


In a simple form such as - it may be just as convenient 


1 
a =P ib 
to operate top and bottom with what may be called the “ conjugate 
operator,” in this case (a — jb), 7.e., 
Leaner aa, 
a+ jb (a+ jb)(a — jb) 
a — jb 
~ a? = (ib)! ae 


(81) 
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eye 
~ a2 + b? CS) 
a ; b 
rye teeny: (84) 
od at ae dDee 8t j(@ — 62) 
2. Similarly, eater (85) 
: nieais jby (ar ae jb1) (ae is jbe) 
pa'€ ms z => ; ha 86 
or alternatively, ema ae jbs) (as = ibe) (86) 
= a ae +4 bibs fs bia — aiby 
~ a2” + be? 7 a2” + be? 8?) 
3. Applying the above methods to ; 
| apene bee : 
-=7'i=— 88 
aah by j (88) 
1 = — ,—jtan0 
or 5 = i tue oe ie : 
= «2, (89) 
Lies; produces a rotation of : in a negative (i.e., clockwise) 


sense, which is also obvious from first principles. 


4. Similary, (erate ie (90) 
ihe ae NO (91) 
eli le 

5, For \/, Vi =A 85 (93) 

ee (94) 

Putting this in the form (a + jb), 

a =r cos 0 = cos 45° = ae (95) 
1) = 1? Sin @ = sha Sa (96) 
: 1 j 1 f 

Val ee 5 at ys a (97) 


18. Trigonometrical and Exponential Functions of Vector 
Operators.—Paragraphs 15 and 16 indicate how any expression 
involving sums, differences, products, powers, etc. of terms such 
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as (a + jb) can be reduced to either of the standard forms for 
purposes of calculation. In the more elementary applications of 
the vectorial method, only expressions of this comparatively 
simple character are likely to arise. Cases will occur, however, 
as in the vectorial solution of problems relating to distributed 
capacities and inductances, in which operator functions of a 
different character will appear, e.g., sin (a + jb), sinh (a + jb) 
e, where P is itself a vector operator, etc. 

The reduction of such expressions to the standard form will 
not in general present any greater difficulty than those already 
considered. The discussion of such cases will, however, be 
deferred until the necessity arises. 

19. Graphic Calculations with Vectors and Operators.— 
One of the chief advantages of the vectorial method is its graphic 
character and the readiness with which it lends itself to the 
graphic solution of problems to which it is applied. Below are 
a few examples of the graphic representation of some of the 
operations considered in the preceding paragraphs. 

1. The Graphic Representation of Operators.—If it is desired to 
determine graphically the values of operator combinations, the 


Fie. 14. 


component operators (a + jb), etc. can be represented by the 
vectors (a + jb)v, etc. Thus, referring to Fig. 14, the line OR 
can be considered to represent the operator (a + jb), or re’?. 

1 Where the vector (a + jb)v is used to represent the operator (a + jb), 
the symbol v can conveniently be omitted. 
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1 : ; : 
2. The Determination of Gas Re Rees to Fig. 14, if the 


triangle OXA be drawn so as to be similar to the triangle OAR, 


then OX is the vector as, so that if OR represents the 

operator (a + jb), then OX will represent the operator an 
X This follows from the fact that 

eee: 

ies, oe = = (99) 


Further, the angle AOX is —8. 

The drawing of the triangle OXA 
is a matter of elementary practical 
geometry and need not be described 
in detail. 

3. The Graphic Representation of 
(a + jb)z.—Referring to Fig. 15, 
if OZ represents the vector z, of 
magnitude z, and OR represents 
the operator (a + jb)—~.e., OR is 
the vector (a + jb)v—then, draw- 
ing the triangle OZX similar to the 
triangle OAR, OX will represent the vector (a + jg)z, for 


i i a (100) 

Me oe = 7 (101) 

or OX = rz. (102) 
Also, the angle XOZ is equal to the angle ROA, 1.€., 

XOZ = 0 (103) 

and XOA = (¢ + 8). (104) 


Similarly, if the vector z be (c + jd)v, then OX will be the 
vector (a + jb)(e + jd)v, z.e., the line OX can be considered 
to represent the operator (a + jb)(e + jd). 

As a special case of this, if 


(a “> jb) "skeet gd), (105) 
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then OX will represent the operator (a + jb)?. This is illus- 
trated in Fig. 16, which is the same as Fig. 15 when Z coincides 
with R. 


Fia.-16. 


4. The Graphic Representation of a yb) Referring to 


Fig. 17, if OZ represents the vector z and OR represents the 
operator (a + jb), then, drawing the triangle OZX similar to the 


triangle ORA, OX will represent the vector ay for 
OX OA 
OZ ~ OR coe) 
OX: . 
1.€., Paes (107) 
or OX == (108) 
Also ZOX = 6. (109) 
Similarly, if OZ be the operator (c + jd), then OX will repre- 
_ fe + jd), 
sent the operator Cea. 


The above and similar constructions, of which it is unnecessary 
to give further illustrations, will be of use in the application of 
vectorial methods to problems relating to alternating currents. 


EXAMPLES 


1. Draw the unit vector v, the vector 6v, and the vector 5jv. Draw the four 
vectors +6v + j5v and write each of them in the form re!®, 

. Express the operators 10e*!2° in the form a + jb. 

3. Express the operator ¥/(7 + j11) in the form re!®, 


i) 
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. State the limits of 6 in the operators (+a + jb) and (+ a + jb)2,aandb 


being positive numbers. 


. Express in the forms (a + jb) and re® the operators: 
1 


(a) jn: 
P 
(b) ja: 
P 
(c) (a + jb)a: 


(d) (2 + 33)+ (4 +15) 


(2 + 53)? © +178 
j30° 


. Given that Z =4e y, 


Determine graphically: 
(a) (2 + j2.5)Z. 


OPES try o 
(c) V(2 + j2.5) Z. 


1 
ORT Geeqe eyo 


Write the results in each case in the form re!® y. 


ANSWERS TO EXAMPLES 


1. 6y + j5v3r = 7.8; 6 = 39° 48’. 
6y — jdv3; r = 7.8; @ = —39° 48”. 
—6v + j5v; r = 7.8; 6 = 140° 12’. 
—6v — jdv;r = 7.8; 0 = —140° 12’. 
+ 25° : 
2. 10¢ = 9.06 + j4.23. 
j14°237 
a, Ge P 
4. a + jb; 0° — 90°. 


—a + jb; 90° — 180°. 

—a — jb; 180° — 270°. 

a — jb; 270° — 360°. 

a2 —b2+ 2abj;a >b; 0° — 90° 
a <b; 90° — 180° 

a2 — b2 — 2abj; a < b; 180° — 270° 
a SS los 27? = sie? 

90°, 190° 


90° ee 
- (a) cos —- + j sin ees 


° ° j}90 ° 
(b) cos 7 + j sin xP : oe 


y 0 A 6 P ipé 

(c) rq cos + j sin Pp’. Yq €q 
q q b 
where r? = a? + b? and tan @ = —- 


—j36° 50’ 
(d) 1328 — j.0996; .166¢ 


. (a) 12.81 81°21’ y, 


(b) 1.25 ¢—i21°21’ y, 
(Gy FSi et ey: 
(d) 2.24 #20’ 


CHAPTER II 
THE SCALAR PRODUCT OF VECTORS 


20. Definition of the Scalar Product of Two Vectors.'—The 
scalar product of two vectors is the product of their magnitudes 
multiplied by the cosine of the angle between their positive directions. 

In the case illustrated in Fig. 18 the scalar product of r; and ro, 
which will be written r,-r2, is rire cos 6, r; and re being the 
magnitudes of r; and ro. 

It is important to realize that a scalar product, as its name 
indicates, is a scalar quantity, 7.e., a number. Thus, if nr, is of 
magnitude 5, r. of magnitude 10, and @ is 60°, then 


Tits = tin cos 0 = ) < 10x 5>="25, (110) 


EIGa lS: Fie. 19. 


It is equally important to realize, however, that a scalar or, 
as it is sometimes called, a ‘“‘dot”’ product, like any other scalar 
quantity, can have sign. In the applications of the conception 
of scalar product, sign has usually an important physical 
significance. 

Suppose, for instance, that r; represents the displacement of 
a body under the action of a system of forces, one of which is 
represented in magnitude and direction by rz. Then the scalar 
product r;- fr: represents the amount of work done by the force 


1 Bibliography, No. 22. 
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on the body. Now let rz be reversed in direction (Fig. 19). 
Then 6 becomes 240° instead of 60°, and cos @ is —4 instead of 3, 
so that r1:r2is —25. In this case the work done by the force on 
the body is negative. In other words, work is done by the body 
against the force. 

The physical significance of the sign of the scalar product will 
appear more fully in the applications of the vectorial method to 
the solution of problems relating to alternating currents. 

21. Some Important Special Cases of Scalar Product.—Taking 
as the general form 


Ti °To = rife cos 0. (111) 

joel he f= tf, = ft, (112) 
then f1°fe =r-r (118) 
= r? cos 0 (114) 

= 77, (115) 


1.e., the scalar square of a vector is the square of its scalar magnitude. 
Provided its real meaning be clearly understood, the scalar square 
of r can be written r. Thus, in general, 


r? = 7%, (116) 
In particular, v= 1 (117) 
jv? = 1 (118) 


(It should be noted that jv? can only mean jv-jv. j(v?) is a mean- 
ingless expression, since j requires a vector operand, and v’ is 
not a vector.) 

2. If r; is perpendicular to fo, 
Tv 


5 (119) 
= 0, (120) 
Thus, the scalar product of any two mutually perpendicular 


vectors is zero. 
In particular, 


Ty, 'To = Y1feo COS 


(ove vy = 0: (121) 

22. The Scalar Multiplication of Vectors.—Referring to Fig. 20: 
fer — OA OCCos Ox (122) 

= OA-OH (123) 

= OA(OD + DE) (124) 

= OA-OD + OA: DE (125) 

= OA- OB cos 62 + OA: BC cos @- (126) 

=,'re +r 13 (127) 

But tf =f+73 (128) 


ti? (fe 0s) = 01° fe 4 01 te (129) 
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Further, suppose that r; is itself the sum of two vectors r; 
and fg, 7.€., 
Cie te. (130) 
Substituting this in Eq. (129), 
@s +16) > fe + 4s) = (Ps +8) Te + Os +16) Ts (131) 
= f,°To + f° Te +1s° fs + 1s ° Fs (182) 
C 


9 D ™% &E A 
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The method can be extended to the scalar product of combina- 
tions of any number of vectors. The result can be summarized 
thus: . 

The scalar multiplication of vectors follows the ordinary algebraic 
law of distribution. 

23. Scalar Products and Vector Operators.—l. Since 
(a + jb)v is really the sum of the vectors av and jbw then, 
from the preceding paragraph, 


(a +jb)v-v=av-v + jbv-v (133) 

=av-yv-+ bjv-v (134) 

= a. (135) 

Similarly, (a + jb)v-jv = bjv- jy . (136) 
= b. (137) 


Thus, any vector r in the plane of the paper can be expressed 
directly in the form 


ee hey ict (ry) ¥- (138) 

This is obviously a vectorial form of statement for Eq. (24). 
2. If ry = (ai + jb,)v (139) 
and ton (ag + jbs)v, (140) 


then r,°re = (aya2)v‘v + (bibe)jv- jv + 
(aibe)v- jv + (bi: ag)jv-v (141) 
(aiae + bbe). (142) 


i] 
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It should be noted at this point that (a1 + jbi)v- (az + jbe)v 
is a different quantity from (a; + jb1) (a2 + jbe)v. 

The former, as shown, is the scalar quantity (aja2 + bibs). 
The latter is a vector which, in terms of a1, a2, b, be, can be written 
{ (aia2 — bibe) + j(aibe + arzbi)}v. 

Alternatively, in the r and @ form 


(ay +- jbi)v g (as -b jbe)v = 1, '‘fo (143) 
= riz Gos (1 — 62) (144) 
and (ai + jbi)(ae +. jb)v = rire & Ty, (145) 


The distinction is emphasized since (a1 + jb1)(a2e + jbe) is 
sometimes wrongly described as the product of two vectors, 
instead of as the product of two operators (or, alternatively, 
as successive operations). 

3. 7 and Scalar Products—Let OA and OB (Fig. 21) represent 
two vectors rm, rz of magnitudes r; and ro. 


Then f° Ye = rire COS 0. (146) 


ET Game le 


Let OA’ perpendicular to r; and OB’ perpendicular to rg 
represent jr, and jr. respectively. 


Then jt1 ° Te = Tire cos BOA’ (147) 
= Tie COS G + 0) (148) 
= —Y,r. sin 0. (149) 

On the other hand, 
T° Jf2 = rite COs G _ ) (150) 
= iy sin’: CES1) 
Therefore, jtr°f2= —Ti* fe. (152) 


Thus, transferring the operator } from one member of a scalar 
product to the other does not alter the magnitude of the product, but 
at reverses its sign. Further, if it is desired to transfer an operator 
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of the form (a + jb) from one member of a scalar product to the 


other, then 
ri: (a+ jb)re = r,- are +71 - jbre 
: ar, * Ye + bri: jre 
ati - Ye — jbri- fe 
= (a — jb)ri: ro. 


Expressed in the r, 6 form, this becomes 
rr-re rs = re "°r, - To. 
4. (a + jb)ri- vin Terms of r; - v.—Given that 
tr.v =171 cos A, 
then (a+ jb)ri-v = ari-v+jbri-v 


ar, cos 6, + br; cos G + 


= ar) cos 0; — bri sin 4}. 
Alternatively, if r1-v = 11 cos 6, 
then rer, - v = rr, cos (6; + 8), 


Tv 


2 


) 


(153) 
(154) 
(155) 
(156) 


(157) 


(158) 
(159) 


(160) 


(161) 
(162) 
(163) 


since the effect of the operator re’ is to rotate its operand through 
an angle @ and to multiply the magnitude of its operand by r. 


Thus, if re’ = (a + jb) 
and fj. v= Ty C0s.6;, 
then re’ r, - v can be expressed in either of the forms 
rr; cos (6; + @) 
or ar, cos 6; — br, sin 44. 
The identity of the two forms is obvious, since 
a =r cos 6 
and be== sin 0: 


(164) 
(165) 


(166) 
(167) 


(168) 
(169) 


This general result is of great importance in the applications 
of vectorial notation to problems involving alternating currents. 


EXAMPLES 


1. Evaluate the following scalar products: 
(a) (217° y) - (21e7"y). 
(b) (21¢7°y) - (21¢9?°y). 
(c) (j21e7°y) - (21e7'y). 
(d) (10¢i18°y) - (20¢)63°,), 
() (3 + i4)v- G + 56)v. 
(f) (280° 4. 3e130°)y - (5ei1°)y, 
(g) (3-598 + j3+232)v- (5e!1)y, 
(h) (113 + j209)v- (—209 + j113)y. 
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2. Express as the sum of a number of scalar products 
(a+b —c):(d —e —f). 
3. What is the magnitude of (a + jb)v- (1 + j)v? 


4. If r-v = const. = k 
and one end of r is fixed in position, what is the locus of the other end? 
5. If (r — a)? = const. = k? 


and one end of r is fixed in position, what is the locus of the other end? 
a being a constant vector. 
6. Given that Ti: v = 11 COS i, 


r F 
Express eae - yin terms of rj, 61, a, and b, and in terms of rn, 


r, 6:, and 6, where 
r? = 


24 p2 


and tan @ = 


ome s 


ANSWERS TO EXAMPLES 

1. (@) 441. 

(D) m2 200: 

(c) 365. 

(d) 141-4, 

(e) 32-8. 

(f) 20-53. 

(g) 20-53. 

(h) 0. 
2.a-d—a:e—a:‘f+b-d—b-e—b:-f—c:‘dt+c-:ecte-f. 
3. (a + b). 
4, A straight line perpendicular to v and distant k from the fixed end of r. 
5. A circle of radius k, the center of which is distant a in the direction a 

from the fixed end of r. 

P (ari cos 6: + bri sin 61). T1 


Jat tb? a: 


cos (6; — @). 


CHAPTER, IIT 
VARIABLE VECTORS 


24. Vector Functions of Time.—Up to this point vectors have 
been regarded as constant quantities. Certain vectors must now 
be considered of which the magnitude or the direction, or both, 
are functions of some independent variable, such as time. 

For the specification of such vectors the scalar product with 
some fixed unit vector, such as vy, is a convenient form, since it 
defines both the magnitude and the slope of the vector. 

Consider, for instance, a vector defined by 


ry = 7 cos 6 (170) 
6 = const. CTD) 
Yr = Yo + hte (172) 


This is clearly a vector of constant direction whose magnitude 
is proportional to time, being rp at the instant t = 0. 
Again, the vector defined by 


r-v=rcos 0 (173) 
r = Tp = const. (174) 
6 = wt + Y (w and y being consts.) (175) 


is a vector of constant magnitude ro, rotating with constant 
angular velocity w. 
As a further example, consider the case in which 


r:- vy =r cos 0 (176) 

r=re“ (rand k being consts.) (177) 

6 = (wt + y) (6 and y being consts.), (178) 

1.€., r-v = re“ cos (wt + y) (179) 


This is a vector of exponentially decreasing magnitude and 
constant angular velocity. The coefficient k in the above is 
known as the damping constant. 

25. The Differentiation of Vectors.'—Consider a vector r 
whose magnitude and position relative to the fixed unit vector v 
are dependent on the independent variable time. At the instant 

1 Bibliography, No. 22. 
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t let it be represented by the line OR, and at the instant t + ot 
by the line OR’ (Fig. 22). Let OR be the vector r + é6r. Then 
RR’ is the vector ér. In accordance with the usual notation, the 


a 


or : : dr 
limiting value of st when t tends to zero will be written dt and 


will be termed the ‘differential coefficient’? of the vector r with 
respect to t. 

dr 

It must be noted that Ab 


with respect to v will depend on the nature of the dependence of 
ront. Thus, if r is constant in direction, 6r is parallel to rand 


is itself a vector, whose direction 


R R R ér 
dr ih R 
R a 
R 
ridr 
r+dr/| /r 
r 
0) 
0 0 
Bresez2: hie, Ee iG 24. 


rel genes : 
a will also be parallel to r (Fig. 23). On the other hand, if r 


is constant in magnitude, then when 6ér becomes vanishingly 
small it will be perpendicular to r, and a will therefore be 
perpendicular to r (Fig. 24). 


: dre. 
For the complete specification of dt it is, therefore, necessary 


to know how both the magnitude and the direction of r vary with 
time. 

26. General Expression for —e before, let OR be r and 
OR’, r + ér. Let RP be perpendicular to OR (Fig. 25). 


In the limit, when ér tends to zero, 
RP = 768 (180) 


VARIABLE VECTORS dl 


and is perpendicular to r. As a vector, therefore, RP can be 
: hie st: shia; ; 
written ré0} ; Since J 1s the unit vector perpendicular to r 


in the direction RP. 


Imiger, PAS, 


Also, when €@ tends to zero, PR’, the magnitude of which is 
: : Trae: ie 
ér, is parallel to r and can be written as a vector ors since | 1s 


the unit vector parallel to r. 


a} 


Gs or + 1565 ~ (181) 
Oe. Hinge 498 ‘ 
Ce eave coe, 
; ne Aiea (100s ea OU. 
and in the hmit aes (= ats + J a (183) 
l : 
Thus, in general, a = (a + jb)r (184) 
1 dr 3 
where eins (185) 
and b= an (186) 
dt 


Special interest attaches to those cases in which a and b are 
constant with respect to time. In all such cases 


d : 

7 = (a + iby (187) 
d dr d’r wan (be 
dedes die ee”) at (188) 


= (a + jb)*r. (189) 
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Similarly, by continuing the process, 
any: ee 
ate (a + jb)"r. (190) 
27. Vectors of Constant Magnitude Rotating with Constant 
Angular Velocity.—It is clear that vectors of this type, defined 
by Eqs. (173) to (175), satisfy the above conditions relating to 
a and b, since 
dé 


b= fe Ge const. (191) 

1dr 
=e 0. (192) 

Thus, for any vector such that 
r-v =r) cos (wt + y) (193) 

hee hs = 

epee OAL (194) 
and, in general, - = (w]) Tr. (195) 


28. Vectors of Exponentially Decreasing Magnitude, Rotating 
with Constant Angular Velocity.—Any vector for which 


rv =r €*' cos (wt + v) (196) 
will also satisfy the same conditions, for, since r = roe~**, 
1 dr 
= = At — —k =! CONSU. (197) 
and - b= ae w = const., (198) 
dt 
dr : 
so that rea (—k+a))r (199) 
12 , 
and a = (—k + a)2r. (200) 


This result will prove of value in the application of vectorial 
methods to the solution of problems relating to exponentially 
damped oscillations. 

29. The Differentiation of Scalar Products.—The only case 
which need be considered for present purposes is that in which 
one member of the scalar product is constant. 


Let r°To = rr9 cos 8 (fo being const.). (201) 


d d 
Then prices) = quer cos @) (202) 
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= IT COS ee + rro cos (0 a She (203) 
= Gr) Ft (rn) G (204) 
= = To. (206) 


The result is thus analogous to the corresponding case in scalar 
differentiation. 
An important special case is that in which rp = v, when 
i (cy) = Se v. (207) 
30. Equations Involving Scalar Products of Variable Vectors.— 
1. Let r be a vector rotating with constant angular velocity w. 
If Poy =. () (208) 
for all values of t, then either 
r=0 (209) 
or r is perpendicular to y (Par. 21). 
But, since r rotates with constant angular velocity, it cannot be 
perpendicular to v for all values of t, 
gee 1) (210) 
2. Let r; and r. be two vectors rotating with constant angular 
velocity ow. 
Then, if fy = toy (211) 
for all values of t, ty = fo. (212) 
This follows immediately from Eq. (208), as can be seen by 
putting 
r=, —fe (213) 
The above propositions are fundamental in the application 
of the vectorial method, since, as will appear later, they provide 
a means of transforming equations involving simple harmonic 
functions of time and their differential coefficients into equations 
in rotating vectors and vector operators. 
31. Vectors Related by a Constant Operator.—The equation 
ro = (a+ jb)r, (214) 
where a and b are constants with respect to time, implies that 
Ti 


eae (a2 + b2)? = const. (215) 
2 
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: b ne A 
and that the angle between r, and rz is tan! = which is also con- 


stant. It follows, therefore, that whatever be the nature of the 
variation of r; with time, re will vary in the same way. Thus, 
if r, is constant, re is also constant. If r: varies according to an 
exponential law 


et Prema (216) 
then the variation of re with time can also be expressed 
Yo = ero (217) 


It also follows that at every instant the two vectors must have 
the same angular velocity, since the angle between ther remains 
constant for all values of t. 

Thus, if between any two rotating vectors r; and rz a relation- 
ship of the form r. = (a + jb)r: can be found which is true for 
all values of t, then the two vectors must have the same angular 
velocity and their magnitudes must vary in a similar manner 
with respect to t. 

32. The Product of Two Scalar Products.—Let ri and re be 
two rotating vectors of constant and equal angular velocity w 
and of magnitudes r, and re. 


Let tT) * v =r) cos 6; (218) 
= 1) COs wt (219) 
and To° v = Ie COS Oo (220) 
= re cos (wt + y). (221) 
Then (r1°v)(t2° v) = rile COS 61 COS Oe (222) 
= = {cos (0; — 62) + cos (0; + 6s) } (223) 

Tile Tilo x 
= 5 cos¥ + 5 cos (2et + ¥). (224) 
The first term can, if desired, be expressed in the form ee 
and the second in the form w_- v, where w is a vector of magni- 
tude a which makes with v an angle equal to the sum of the 


angles made by r; and re with v, 7.e., which rotates with twice 
the angular velocity of r; or re. 
Fie 
Thus, (ry . v) (fo v) = —— + wy. (225) 
This equation has an important bearing on the determination 
of energy conditions in certain electrical problems. 
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EXAMPLES 
ite 1b r-y =r cos 0 
where r = roeXt 
and 6 = (wt + W) (ro, k, w, and y being consts.), 
give the operational expressions for 2 and TF 
Zalt ty =r cos 0 
where r = re kt 
and 6 = (wt + W) (ro, k, o, and w being consts.), 


Per (2) oad (22): 
give expressions for ( 4): v an ip)” 

a d(r+y) _ (ar 
Also show that dt = (Gi): 


8. (a) Given that r is a vector of constant magnitude r rotating with constant 
angular velocity w, and that 


aie) is (ae) oa 


express r in terms of k and an operator. 

(6) What kind of vector is k? 

(c) If k = 0, what equations will hold for a, b, and c? 
4, Given that 19) 3 (RG 35 PONE 
where E is a vector of constant magnitude E rotating with constant angular 
velocity w, and R and X are consts., and that 


e = E-v = Ecos at 

i S10 oay, 
write the expressions for: (a) the instantaneous value of ie, (b) the mean 
value of ie during one revolution of E, in terms of: 

(1) Tand E. 

(2) and EB. 

(3) H, R, and X. 

(4) I, R, and X. 


ANSWERS TO EXAMPLES 
1. (k + oe (k + j)*. 


(k? + w?)roe—kt cos pa sph Se te — enon 
— k — . 
oa) 2 eae Sg 


(b) k is a vector of constant magnitude 
(/(e — aw)? + b’w2)r 


rotating with constant angular velocity wo. 


(c) b = O and w& = . 


c 


4: (a) (1) (FF +W- »); 
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where W is a vector of magnitude 1B rotating with constant angular 


velocity 2w. 
(2) cos 6 + 


where ia 2) = R 


(3) . WR ar a cos (2ot — tan“): 
2(R? +X?)  2\/R? + X2 


) TEs i ° VBFF X? cos (2ub — tan? RD 


E-I 
(0) Q) = 
i 


(2) 


(4 


eaneee 
®) sR x) 
a) US. 


CHAPTER IV 


THE APPLICATION OF VECTOR ANALYSIS TO ALTER- 
NATING CURRENTS 


33. The Representation of an Alternating Current as a Scalar 
Product.—Let I be a vector of constant magnitude I rotating 
in a positive (7.e., counterclockwise) sense with constant angular 
velocity w, its slope relative to v being y at the instant t = 0. 
If i be its scalar product with v, then 


jester (226) 

= I cos 0 (227) 

= I cos (wt + y). (228) 

Thus, an alternating current of amplitude 1 and frequency = 


can be represented as the scalar product with v of a vector I of constant 
magnitude I rotating with uniform angular velocity w. 

It is this fact which underlies the vector diagrams of alternating 
current theory, and which makes it possible to apply to alternat- 
ing currents the principles enunciated in the preceding chapters. 
The form of statement usually found in textbooks is that the 
instantaneous value of the alternating current is represented by 
the projection in a given fixed direction of the rotating vector. 
In the opinion of the author, the use of vectorial notation and of 
the term ‘‘scalar product” is preferable to the usual form of 
statement, since it enables the relation between the alternating 
current and the vector which is used to represent it to be expressed 
in the form of an exact equation 


i=I-y. (229) 


The ‘Effective’? or Root-mean-square Value of an Alternating 
Current or Potential Difference.—For reasons which will appear 
more fully later, the quantity actually used in practice to specify 
the magnitude of an alternating current or potential difference is 
that known as the ‘‘root-mean-square value” of the quantity. 
It is the square root of the mean value during one period of the 
square of the instantaneous magnitude. Thus, if the instantane- 
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ous magnitude of an alternating current of period T be i, the 
root-mean-square value, denoted by I, is given by 


eo fr “pat | (230). 


The relation of this root-mean-square value to the amplitude of 
the alternating current can be simply demonstrated by the 
proposition established in Par. 32. Putting, as above, 


i=I-y, (231) 
then i? = (I-v)(I-v) (232) 
=ttiw-y, (233) 


Y) 


2 
angular velocity of the vector I. The quantity W - v is, there- 
fore, a purely periodic function, the mean value of which during 
the period T is zero. Further, 
i oe 
—_——_- = SO —- So St. 2, 4 
3 9 const. (234) 
The square root of the mean value of the right-hand side of Eq. 
(233) is, therefore, given by 


é [rrat) = aE Z Ss (235) 

This is a general result of great practical importance, which 
can be expressed as follows: 

The root-mean-square value of a pure sine-wave alternating 
current or potential difference ts equal to the amplitude or maximum 
value of the current or potential difference divided by the square root 
of 2. 

In the actual construction of vector diagrams it will usually be 
more convenient to make the lengths of all the vectors concerned 
proportional to the root-mean-square values of the electrical 
quantities represented by them. This will not, of course, in 
any way affect the theory developed in this and subsequent 
chapters, since it is merely equivalent to an alternation of the 
linear scale on which the vectors are drawn. 

34. The Vectorial Expression of Kirchhoff’s Laws.—1. Kirch- 
hoff’s first law can be expressed in the following way: 

The algebraic sum of the currents which meet at any point in a 
network of conductors is zero. 


where W is a vector of magnitude rotating with twice the 
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It must be noted that the law refers to the algebraic sum, 7.e., 
to the sum having regard to sign. By “sign” is here meant the 
direction of the currents with respect to the point considered. 
The usual convention in this matter, and the one which will be 
adhered to in this work, is that a current will be reckoned positive 
if it is flowing towards the point and negative if it is owing away 
from the point. Thus, in Fig. 26, 


i + lo + ile a 14 = 0, (236) 
and in Fig. 27 


I 
S 


(237) 


Wop abs appa ea 


Hie. 26: IG ae 


If the currents are alternating currents of pure sine-wave form, 
then, as shown in Par. 33, 1 can be expressed as I- y, 1p as I. : v, 
etc. giving 


le veeeryer wey leet) (238) 
On (, + I, + TI; + Iy) Pa) 0 (239) 


and, since this is true at every instant, it follows from Par. 30 


The vectorial form of statement for Kirchhoff’s first law, 
therefore, is expressed: 

In any network of conductors carrying alternating currents of 
sine-wave form, the vector sum of the vectors representing the cur- 
rents which meet at any point ts zero. 
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2. Kirchhoff’s second law may be expressed: 

In any closed circuit in a network of conductors the algebraic 
sum of the potential differences 1s zero. 

As in the first law, it is the algebraic sum which is considered. 
The usual convention with regard to the sign of a potential 
difference, and the one which will be adhered to in this work, is 
that a certain direction round a circuit is considered positive, 
and potential differences which tend to drive a current in this 
positive direction are considered positive, and vice versa. Thus, 
referring to Fig. 28, which represents a source of continuous 
potential sending a current through a resistance, if e, be the 
back e.m.f. or potential difference across the ends of the resistance, 


e+e = 0. (241) 


== 
<—e—> 
Pre. 23: 


By Ohm’s law, the magnitude of e, is iR, and its direction is 
opposite to that of the current, so that 


e, = — IR. (242) 

Therefore, e—-—iR=0 (243) 

and 6 =.iR (244) 
3 e 

or aon (245) 


By a method exactly similar to that employed in the first law, 
and which, therefore, need not be stated in detail, it can be 
shown that Kirchhoff’s second law can be applied to the vectors 
representing the alternating potential differences in any closed 
circuit in a network of conductors carrying alternating currents. 
The law may, therefore, be expressed: 
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In any closed circuit in a network of conductors carrying alternat- 
ing currents of sine-wave form the vector sum of the vectors represent- 
ing the potential differences is zero. 

35. Current and Potential Relationships in Vectorial Form.— 
Before the above two laws can be applied to particular cases it 
will be necessary to obtain general expressions for the relation- 
ships between the vectors representing the potential differences 
and the current for conductors of various types, e.g., a resistance, 
an inductance, and a capacity. 

1. Resistance.—Referring to Fig. 28, let the source of continu- 
ous potential be replaced by an alternating e.m.f., as shown in 
Fig. 29, and let i, the instantaneous value of the current produced 


<EK—> 
Fig. 29. 


by it, be represented by I- v. For e,, the instantaneous value of 
the potential difference across the resistance, 


e, = —iR. (246) 

Representing e, by E, ° v, 
E,: v= —R(- vy) (247) 
= —RI- vy (248) 


and, since this is true for all values of t, 

E, = —RI. (249) 
Also, by Kirchhoff’s second law 

E+E, = 0. (250) 
Therefore, E = —E, = RI. (251) 


Thus, the vector representing i is a constant multiple of the 
vector representing e. The vector I is, therefore in the same 
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direction as E, rotating in the same sense with the same angular 


velocity, and is of magnitude R times that of E. This is illustrated 


in Fig. 30. 


2 1 


Fie. 30. Iigey Bile 


2. Inductance.—Referring to Fig. 31, which represents a pure 
inductance L in series with a source of alternating e.m-.f., if e, 
be the instantaneous value of the potential difference across L 


di 
11: 
Therefore, E,-v = aie 4 (253) 
dI _ 
-L(=)- (254) 


E, = -L5- (255) 
Also, since E+ E, = (256) 
eae oer © (257) 


dI . , 19 
ys 3 vector of constant magnitude ik rotating with 
( 2 

constant angular velocity w. Therefore, I must also be a vector 
of constant magnitude rotating with constant angular velocity w, 


in virtue of Par. 27 and, therefore, 


Thus, 
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dI ; 
qi, = “ib (258) 
so that E = ojLI (259) 
or I= aa (260) 


Thus, the vector representing i is one of constant magnitude a 


and constant angular velocity w, making with E an angle —90°, 
as shown in Fig. 32. 


<—I— 


Ne, 
<— k— 
BIGy o2. FG. 33: 


3. Capacity.—F¥or the case illustrated in Fig 33, if e, be the 
instantaneous value of the potential difference between the plates 
of the condenser C, and if q be the instantaneous value of the 
charge on the plates, then 


= -a (261) 

and = = aa (262) 
a7 o (263) 

since i= ot (264) 
Therefore, mee ) = . (265) 


Also, by Kirchhoff’s second law, 
EE = 0; (266) 
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so that E, is a vector of constant angular velocity and constant 
magnitude. Therefore, 


d(E.:v) _ /dE.\ | 
dias ( it) ao) 
= wo: v. (268) 
: I 
Therefore, wjE,-v = — (=) “y (269) 
and, since this is true for all values of t, 
aojEo = -4 (270) 
and I = —wjCE, = wCjE. (271) 


Thus, the vector representing i 1s one of 
constant magnitude wCh, making with E 
an angle +90° as shown in Fig. 34. 

Therefore, for the three cases of a 
pure resistance, a pure inductance, and 
a pure capacity 


E, = —RI (272) 
E, = —ojLlI (273) 
I 


The above expressions are funda- 
mental in the application of the vectorial 
method to problems involving alter- 

Fra. 34. nating-current networks. In practice, 

it will not, of course, be necessary to 

repeat the intermediate steps which are required for a rigid 

demonstration of their validity. The currents and the potentials 

concerned can be expressed directly in vector form and the 

relationships between them as vector operators. In this vecto- 

rial form the analysis gains considerably in clearness and in 

simplicity, and is, moreover, convertible at will into either the 
usual scalar form or a vector diagram. 

In the following paragraphs a number of illustrations of the 
method will be given. These are not, of course, intended to be a 
complete treatment of the subjects considered. They are simply 
intended as typical examples of the handling of the vectorial 
method. 

36. Resistance, Inductance, and Capacity in Series.—For 
the circuit illustrated in Fig. 35, the application of Kirchhoff’s 
second law in its vectorial form will give 
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E+E, +E,+E, = 0; (275) 
therefore, E= —(E, + E, + E,). (276) 


Fig. 36. 


Substituting for E,, E,, and E, their values in terms of I, 


1 
ne (R tos Hace 0)? (277) 

1 
= (RB de i(oL =: 5) {T. (278) 

ines 
Putting wl — eh ».¢ (279) 
then E = (R+jX)I (280) 
E 


The vector diagram of the circuit will, therefore, be as shown in 
Fig. 36. The current vector is the result of operating on the 
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potential vector with (R+jX). This operator is usually 
described as the ‘‘vector impedance.” The term is somewhat 
misleading, as (R + jX) is not a vector but an operator, and 
the name “impedance operator” is therefore greatly to be 
preferred. This term serves to distinguish (R + j]X) from the 
expression (R2 + X2)', which is described as the “impedance.” 


” 


The angle tan—! R is known asthe “phase angle.”’ It is, of course, 


the angle between the current and e.m.f. vectors, since 


(R + jX) = (R24 xy %, , (282) 

.e., R + xX) = a # Dy. Pie lag (283) 
If it is desired to express the above results in sealar form, then 

3 ae Ce 

=e : X? ae aE: eu, 


Taking the scalar product of both sides of the equation with vy, 


X 
as (rs a Ree mE. (286) 


But I- v is i, the instantaneous value of the alternating current. 
Therefore, since 


E-v = E cos wt (287) 

RE XE : . 
= Ree cos wt — Ree COs (wt + 90 ) (288) 

RE xia. 
=“ Rw cos wt + R4X sin wt. (289) 
Alternatively, putting 
(R + jX) = = ze" (290) 
where gz? = R? + X* (291) 
and op — valle R’ (292) 
—j¢ A 

then j=l E-v=". E-y (293) 


and, since the effect of the operator is to multiply its operand 


1 : 
by = and to rotate it through an angle — 4, 


i= f cos (wt — ¢). (294) 
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37. The General Impedance Operator.'—It was shown in 
Par. 16 that any combination of sums, differences, products, 
quotients, etc. of operators of the type (a + jb) could be replaced 
by a single operator of the same type. It follows from this 
that (R + jX) is the most general type of impedance operator, 
and that any combination of series or parallel arrangements of 
conductors which are pure resistances, capacities, or inductances 
will oppose to an alternating e.m.f. of sine-wave form an imped- 
ance of this type. This does not mean that the R term in such a 
general impedance will consist of pure resistance terms only, 
or the X term of pure inductance or capacity terms only, but, 
however it may be constituted, the R term will be termed the 
“resistance component”’ of the impedance, and the X term the 
“reactance component.” 

38. The General Admittance Operator.—Putting 


GR -7X) = 2 = ze”, (295) 
the expression y, defined by 
yz = 1, (296) 


is termed the “general admittance operator.” 
Putting y in the form 


1 R ex 

ome eh fax) =) Rasa? CaN 
Rx 

So he (298) 


‘ 


then : is termed the ‘‘conductance component” of the admit- 


tance, and will be represented by the symbol K; and ps described 


as the ‘“‘susceptance component” of the admittance, and will be 
represented by the symbol §, 7.e., 


ip = KS. (299) 
Alternatively, y = ye’? (300) 
1 
where iar (301) 
S x 
= pal Ss eS te =a) So 2 
and @ = tan K tan R (302) 


1 Bibliography, No. 5. 
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The general relationship between I and E in an alternating- 
current network may, therefore, be expressed in any of the forms: 


E E ie 
SS = = sos — = = -€ ? e 
rg skies E (303) 
I = yE = (K — jS)E = ye J*E. (304) 


39. Current Loci with Constant E.M.F. and Variable Imped- 
ance.—Putting 


=e Sep ole (305) 


consider the result of keeping E and R constant, and varying X. 


To eliminate the variable X from the equation, use will be made of the 
fact that 


ig oil == @) (306) 

Thus, taking the scalar product of the equation with I, 
E-I = RI-I + XjI-1, (307) 

E 
} ; E-E_ 

Adding to each side aR? > a (309) 
: Ne = 
the result is Lie arte om = ty (310) 
i.e., i om) > €) (311) 
= const. (312) 


The above equation means that the magnitude of the vector (1 = mm) 


od 


: : E : ; : : 
is constant, and is equal to oR Thus, as the impedance is varied by varying 


: E 
X and keeping R constant, the vector (1 — a) is always the radius of a 


constant circle. It will be seen by reference to Fig. 37 that the locus of the 
2R 

In a precisely similar manner, by taking the scalar product of the original 
equation with jI instead of I, and thus climinating R instead of X, it can 
be shown that, if the reactance is kept constant while the resistance is 


end of the I vector is this same circle of radius 


varied, the locus of the end of the current vector is a circle or radius 0 
the corresponding equation being 
% 7 0°4 
(tle ke 
( = 7X2 (313) 


= const. (314) 
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Both of these loci are illustrated in Fig. 37. Students of electrical engi- 
neering will recognize in the above the basis of the circle diagrams of the 
induction motor. 


RI 
Lew 


iXd 
R 


IRE, Bie 


40. Resonance.—Considering the simple circuit of Par. 37, 
the reactance term X is given by 
il 


GE. 8 aero \ 
XxX =iel) <6 (315) 
If the values of L and C are such that 
1 
ees 
i.e., wr (317) 
then X = 0 (318) 
E 
and I= R (319) 


The circuit is then said to be in a condition of resonance with 
the frequency of the supply e.m.f. Under these conditions 
the current reaches a maximum value 

E 


i = Roo wt (320) 


and is in phase with the e.m.f. In general, the vanishing of the X 
term will be taken as the definition of the condition of resonance, 


50 ALTERNATING CURRENTS AND TRANSIENTS 


and in all such cases the circuit will behave like a pure resistance. 
This does not necessarily mean that at resonance the current in 
the circuit will be the e.m.f. divided by the resistance of the 
circuit, since the resistance component may contain inductance 
and capacity terms and may, therefore, depend on the frequency. 
It does mean, however, that the current will be the e.m.f. divided 
by the effective resistance and will be in phase with the e.m-f. 

It will be seen later that the condition ~ 

x= 0 (321) 

may be satisfied by more than one value of the frequency. The 
corresponding current values in such a case will be critical or 
turning values, ?.e., either maxima or minima. |; 

41. Energy Conditions in Alternating-current Networks.'— 
A current of instantaneous magnitude i (amperes) in falling 
through a potential e (volts) gives up ie joules of energy per 
second, 7.e., the instantaneous energy rate is p = ie watts. 


If e = E-v = Ecos ot (322) 

and i=I-v =I cos (t = 9), (323) 
the instantaneous power is 

p= Cd: vil-y) (324) 

and, as shown in Par. 32, this may be expressed in the form 

p= i. +W-y, (325) 

where W is a vector of magnitude oe making with v an angle 

equal to the sum of the angles made by I and E with », .e., 

Wev= pe cos (2wt — ¢). (326) 


Thus, the instantaneous rate at which energy is being given up 

by the current I in falling through the potential E consists of two 
i 

parts, one being a constant term — Se the constant value of 


oe yale 
which is (S ) cos ¢, and the other a periodic double-frequency 


term W-y. Since the mean value of the latter over a period is 
zero, then for P, the mean rate at which energy is being given up 
by the current (?.e., the mean power), the value is 

1 Bibliography, No. 4. 
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iho As I-E 
{Sis a ok 
ae di= =, (327) 


For the simple circuit considered in Par. 37 it is easy to show 
that the whole of the power being consumed in the circuit is 
associated with the resistance. 


Since E = (R+jX)I (328) 


therefore P= Wee ne 2 (329) 
I 

=A (330) 
since jXI-1I = 0. (331) 
It was shown in Par. 21 that 

I-I =f? (332) 

) 

so that 1? = Be (333) 


Putting I for the root-mean-square value of the alternating 
current, 7.€., 


[2 
1b = > (334) 
P = RI? (335) 


Thus, the resistance is the only part of the circuit in which 
energy is actually being consumed. In the other parts of the 
circuit, energy is periodically being absorbed and given out. 

The process can be followed in detail by applying the energy equation to 


the three elements of the circuit separately. Thus, for pz, the instantaneous 
rate of change of the energy associated with the inductance L, 


bo Bs eet Wi-y (336) 
= a cos (2ut - 5)-—% (337) 
since Lo, = (338) 


Similarly, for pe, the instantaneous rate of change of the energy associated 
with the capacity, 


nee re + Wey (339) 
= 240 sin (2wt). (340) 
ite 
Further, pr is given by py = Se + Wry, (341) 


jieies, Wed Re 
ser, pr = y = ae “_ COS Zot. (342) 
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Therefore, the total instantaneous rate of energy supply to the circuit is 


+73 
pre UR eR coe ene (<3 -- ot) sin 2wt}- (343) 
D wC 


Thus, it appears that the energy change associated with the capacity is 
opposite in phase to that associated with the inductance. While the one is 
absorbing energy, the other is giving out energy, and vice versa. At reso- 


nance wl = —A, so that the capacity and the inductance form, as it were, a 
wO ) 


self-supporting system, the one supplying energy at the same rate as the 
other absorbs it. 


In general, for a current I and a potential E such that 


E Di Poms 
SSO ___ = J De 
I Ct = € E (344) 
or l= (K —jS)E = ye" “E; (345) 
Ik fi 

the mean power is P = <r ee cos ¢- (346) 
= ae (347) 

= RI? (348) 

= (349) 

= KE? (350) 


in which R and K are, respectively, the resistance component of 
the general impedance operator and the conductance component 
of the general admittance operator. 

42. The General Case of Impedances in Parallel.—Let 


ai = Rit jXi (351) 
etc., ete. 


la I, By I, Zo I, B3 I, Zz 
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be a number of impedances connected in parallel, as shown in 
Fig. 38. If i, is, 13, ete., represented by the vectors I, I», Is, 
etc., be the currents flowing in the various circuits, then 


E = 2,1, = 2.2 = 231; = etc., ete. (354) 

ee I, = ; (355) 
a) 

foe (357) 
23 
Qos CUO. 


Further, if the total current be represented by I, and the total 
impedance by z, 


E 
T= me (358) 
By Kirchhoff’s first law, 
ia I, + I, + I, + etc., etc. - (359) 
Therefore, from Eqs. (355) to (859) inclusive 
hee ee 7 + E at e =Erebc., Coc: (360) 
Zz 21 22 23 &4 
1 1 1 1 i} 
so that tes Ppa eb Cs eG: (361) 
@ al p) &3 &4 
46%, Y = Yi + Yo + ¥3.+ Ys + ete., etc. (362) 


Thus, impedances in parallel combine in a similar manner to 
resistances in parallel. 

43. Capacity and Resistance in Parallel.—As an example of 
the above, consider the case illustrated in Fig. 39, 7.e., a condenser 
of capacity C shunted by a resistance R. For the combined 
impedance 


Sivan (363) 

2 21 22 

2122 
: ea eee 364 
(DA Ex) z (2; a 2a). ( ) 
where a=R (365) 
fens =): (366) 


and Oa TR aan 
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Rj 
Therefore, fie (367) 
mere 
rier th! 
Ee 3 (368) 
ry 1 
1+ wR? | Pete « 1 ) o 
2 2R2 


Fie. 39. Fig. 40. 


The circuit of Fig. 39 can, therefore, be replaced by the equiva- 
lent circuit shown in Fig. 40, in which 


R 


fe eae: 70) 
Gas \. 
and c’ = C(1 + sams) (371) 


The above equations are of considerable practical significance. 
For instance, suppose R. to be the insulation resistance of the 
condenser or the shunt resistance equivalent to its dielectric 
losses. Then from the above equations it is seen that the effect 
of imperfect insulation or dielectric losses in the condenser is 
virtually to introduce into the circuit a small series resistance. 
In low or audible frequencies the effect may be quite inappreci- 
able, but at radio freauencies it may be considerable. For 
instance, let 

w = 10°, 
é : PelOs 
7.e., the frequency is ony and let R= 5 <-10* ohms. Then, 
taking C as 100 micro-microfarads, the effective resistance 
introduced into the circuit is 
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Hal Os 
P02 10-20 10 25 oe 
= 20 ohms. 


Under these conditions, therefore, an insulation resistance of 5 
megohms may materially increase the effective resistance of the 
circuit. This emphasizes the importance of good insulation at 
radio frequencies. 

Again, suppose the circuit shown in Fig. 41 to represent a 
wavemeter, the resonance of which is indicated by a detector 
of some kind connected across the condenser, and suppose 
the resistance of the detector to be of the order of 25,000 


ohms. Then, the other quantities remaining as before, for 


100 Toe oF the percentage change of capacity attributable 


R= 


Detector 
R= 2-5x10* Ohms: 


Fig. 41. 
to the shunt resistance, 
L007 102 
(Bes Ord gies 10%20-"°10* 56 - 25 
= 16. 


Thus there is a 16 per cent change in the condenser reading and an 
error of 8 per cent in the calculated value of \, the wave length 
(since X « +/C). 

44, Inductance and Resistance in Parallel with a Capacity and 
a Resistance.—This case, illustrated in Fig. 42, is of considerable 
theoretical interest. 


Putting z: for the impedance of the inductive branch, 


Aa (Ri + wjL) (372) 
and for the corresponding admittance yi, 
= Ri = joL, 


i (373) 
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Similarly, putting z: for the impedance of the condenser branch 


ag = Ry = ae (374) 
P 1 

so that Zo? = Ro? = oC? (375) 
ot 
Re , wC 


For y, the admittance of the two circuits in parallel, 


= Oh ae by (377) 
1 
i.e., y = ze + a + j Oe eels (378) 
Zi Ze aoe 
Z2 Zy 
R, if 


Fia. 42. 


Consider now the condition that the joint admittance (and, therefore, the 
joint impedance) shall contain no 7 term, 


1 
Fes BR ad (379) 
Zo Zy 
or wiLC(Re + agi) = Rit + oD (380) 
w?C? 
The resonant frequency in the general case is, therefore, given by 
ee = 
SP ae (381) 
LC Ree im 
u 
If Ri = Re = R, (382) 
: 1 
en 
this becomes w LG (383) 
If, however, in addition to Ri = Re = R, (384) 


bj (CRE (385) 
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then Eq. (380) is satisfied for all values of w, z.e., for all values of the fre- 
quency. This circuit, therefore, under these conditions, possesses the 
remarkable property of behaving like a non-inductive resistance at all 
frequencies, the value of this resistance being R, as can be seen by consider- 
ing the case when w = 0. 


45. Inductively Coupled Circuits.—Consideration will now be 
given to the general case illustrated in Fig. 43, which represents 
two circuits of the type considered in Par. 37, the inductances of 
which have a mutual inductance M. In series with the first 
circuit is a source of alternating e.m.f., 


e=E-v= £ cos ot. (386) 


As will be shown in a later section, both of these circuits will give 
two free oscillations at the moment the source of e.m.f. is intro- 


aaa (ome 
duced into the first circuit. For the present, however, only the 
quasi-stationary condition which persists when the ampli- 
tudes of the free oscillations have become inappreciable will be 
considered. 

First, however, it will be necessary to consider the vectorial 
form of the e.m.f. due to mutual induction. This can be derived 


directly from the definition of mutual induction. The e.m-f. 
induced in the second circuit by the current i; in the first circuit 


Rien 43: 


is given by 


Baas 
ena = Mi (387) 


In vector form this becomes 
Eno = —Moajl. (388) 
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Similarly, the e.m.f. induced in the first circuit by the current iz 
flowing in second circuit is given by 
En. = —Mojle. (389) 
Applying Kirchhoff’s second law to the first circuit the result 
is, therefore, 


E St Ent ae E.1 a5 Eu = Eu. = a 0, (390) 
and for the second circuit 
Exe + E,2 ate Ex2 sa Ey,2 = 0. (391) 


Expressing these potential differences in terms of the current 
vectors the result is 


3 1 : 
(R, Joi ao)h Viel (392) 
for the first circuit, and : 
(R. + wile + — ait + Mojl, = 0 (393) 
for the second. 
Putting 
: i] : 
Rice (ol, a a) = Rebaxh (394) 
: 1 =ea 
and Zo = Re + (ols —= ==) = Re 35 j Xo, (395) 


the equations can be written 
Cites jXvDL a6 MoejI, =H (396) 
(Re + jX2)Iz + Moajl, = 0 (397) 

From the second of these, 


Ma} 
I, = ————_+ I 5 
‘ Re + JX ; ( 98) 
= Maj! : 2 2) te (399) 


Substituting in the first equation this value of I, in terms of I, 


(Ri + jX1) + M%w Re — jX2)) n= =E, (400) 


Z2” 


[(R 4k me) a i(X: zaps oN) =E. (401) 


2 


This gives the primary current in terms of the primary e.m.f. 
and an effective impedance. The form of this effective impe- 
dance makes clear the effect of the secondary circuit on the primary 
circuit. It is seen, in fact, that the resistance of the primary 
circuit is increased by an amount of M*w? times the conductance 
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of the secondary circuit, and that the reactance of the primary 
circuit is decreased by an amount of Mw? times the susceptance 
of the secondary circuit. 
Putting the effective primary impedance in the form 
jet M2w?R 2a? 
Re + iXe = (Rit pegs) + i(Xi — ge eh) (402) 
the effect of various special conditions can now be considered. 
1. Secondary Resistance Negligible—Putting Ry = 0, then 
Res hi (403) 
and Xe = Xy— eee (404) 
Xe ; 
If, now, X2 = 0, 7.e., if the secondary circuit is tuned to the 
frequency of the primary e.m.f., then X, becomes infinite. 
2. Resonance Condition.—The condition for resonance in the 
primary circuit is 
X= 0; (405) 
which gives Xi(Ro? + X22) = M’w?Xo, (406) 


Per O(n \1 Z 
eres ( ; a) Jap (e < i) 
M*e? (ols - =): (407) 

This is in the form of a cubic equation in w, which indicates that 
there are, in general, three frequencies at which the primary 
circuit will behave as a non-inductive resistance. The solution 
of the cubic equation in the general case can be found by the 
usual methods. 

If the resistance of the secondary circuit is negligibly small, the 
equation becomes a quadratic, yielding a simple solution. Put- 
ting Re = 0 in Kq. (406), the result is 


XiX_ = M’w?, (408) 
! MENGE Nia 
ten, (eli as 4 (cL sa) = Mw’. (409) 


1 
Dividing through by GAGE and putting 


=o TS 410 
res WO) ( ) 
1 2 
——— A411 
Cha ene, 
2 
BS ee) (412) 
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the equation becomes 
(w? — w1?)(w? — we?) = kw, (418) 
of which the solution by the usual methods will be found to be 
ae fon (w4? —- 2”) ar V (or? + 2”) e= 4a 1?wo? (1 = key (414) 


2(1 — k?) 
If the circuits are isochronous, 7.e., if 
Ol WA G5 : (415) 
the above expression reduces to 
deo 
On (peas wo” (416) 
and for the two resonant frequencies the result is 
1 1 
og! = ————S w and 6S ae (OG, (417) 
Vist Wisi. 


This result can be compared with that for the corresponding 
free periods of two coupled circuits given in Par. 63. 

3. The Alternating-current Transformer.—The elementary the- 
ory of the alternating-current transformer is the special case of 
the foregoing, illustrated in Fig. 44, when the circuits do not 


R, R, 
Fig. 44. 


include the condensers. Putting C; = C2 = © in the equations 
of the general case, then 


Xi = ol, (418) 
X2 = owl, (419) 
eg we 
so that I, = Recaate I, (420) 
Mo} 
Rb (421) 


&2 
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and I, = (Re cejoLe). (422) 

where Poeeee a! orl (423) 
7 Ze 

and Tee Tee lee. (424) 
Zo 


Thus, the resistance of the primary circuit is apparently increased 
2742 

and its inductance apparently decreased by see times the 
v3 


corresponding quantities of the sec- 
ondary circuit. The primary circuit MeL 

; w” Le 
can, in fact, be represented by the 
circuit shown in Fig. 45, the nega- 
tive inductance being represented 
by an equivalent capacity. 

From the above vector equations 
all the chief features of the ele- 
mentary theory of the transformer 
can be readily deduced. As ex- 
amples, the effect of a low-resist- 
ance secondary circuit, and the R, 
principle of the constant-ratio cur- 
rent transformer will be considered. 

(a) The Effect of a Low-resist- 
ance Secondary Circuit.—If Re is very small compared with Le, 
then 


Fie. 45. 


lieecly a a (425) 


= Li(1 = Sy (426) 


‘ 


M : ; 
The quantity nae is known as the ‘‘coefficient of coupling.” 
1442 


Calling this k, then 


Ie =] Lid — k*). (427) 
The theoretical maximum value of k is unity. For this value 
L, = 0. (428) 


This condition cannot actually be realized in practice, but it is 
obvious that, in general, the effect of a closely coupled secondary 
circuit of low resistance will be to reduce considerably the 
effective inductance of the primary circuit. 
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(b) The Constant-ratio Current Transformer.—Referring to 
Eq. (399), if Re is negligible compared with Le, then 
I, = ~hIp (429) 
7.e., the currents in the secondary and in the primary circuits are 
related by a constant multiple which is independent of frequency. 
This fact is utilized in the construction of current transformers 
for measurement purposes. The arrangement is particularly 
suitable for use at radio frequencies, when Re is easily made quite 
negligible compared with L».! 
46. The Application of Vector Analysis to Alternating-current 
Bridge Circuits.—The circuit shown in Fig. 46 may be taken as 


<—__—_ |, 


OM IO 
Fig. 46. 


typical of a large number of alternating-current bridge circuits 
21, 22, 23, and 24 being impedances of the general type 


41 = Rit JX (430) 
Z, = Re + JX (431) 
23 = R3 + jXs (432) 
2, = Race Jka (433) 


In most practical cases, two of these, say, 21 and 2s, are fixed 
in value and constitute what is known as the ‘“‘ratio arms”’ of 
the bridge. Here z; will be considered to be the unknown 
impedance, the components of which are to be determined, and 2, 
a variable impedance, the resistance and the reactance com- 
ponents of which can be varied until balance is obtained, this 
condition being indicated by silence in the telephones or by any 
other suitable means. In this balanced condition let I; and I, 


1 See paper by Campsyty and Dyn, Proc. Roy. Soc., on this subject. 
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be vectors representing the currents flowing in the upper and the 
lower arms of the bridge respectively. Then 


T,(2: + 23) = In(ee 4+ 24). (434) 


Also, since there is no potential difference between the points 
B and D (this being the definition of the balance condition), 


2 = 1.25. (435) 
21 el 22 
Therefore, ear eae (436) 
21 bls as 
or 7 (437) 


Ri +iX: _ Re + jXs 
Rs +jXs Ra + Xs 


so that (RiR, = X1X4) + j(RiX, + XiR4) 
— (R2R3 — X»X3) oe j(ReoX3 + X2R3). (439) 


i.€., (438) 


Therefore, by Par. 15 


RiR, ay X 1X4 — R2R3 = XoX3 (440) 
RiX4 + XR, = ReX3 + X2Rz. (441) 


Thus there are in general, two conditions to be fulfilled simul- 
taneously. It is for this reason that nearly all forms of alternat- 
ing-current bridges involve a double balance, R4 and X4 being 
varied successively until complete balance is obtained. 


ingee Aide 


As examples of the application of the general balance condition, two 
typical cases will be considered: 
1. The simple inductance bridge (Fig. 47). 
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2. The Max Wien bridge for the measurement of equivalent shunt 
resistance of the losses in a condenser (Fig. 48). 


Fig. 48. 
1. In this case 
a ancl xe) (442) 
1p ==) Gy ] alls (443) 
R3; = R X; = 0 (444) 
tn SS X4 = wl. (445) 
The conditions for balance are, therefore, 
PS = QR (446) 
and wLP = wLl,R, (447) 
. eee ea ee 
v.€., R = Ss = 1b (448) 
2. In the Max Wien bridge, 
Lit SS 1 ehinvel C ) (449) 
Rzs =Q X; =0 (450) 
; € 1 
R, =8 X4 = oG (451) 
and, from Eqs. (370) and (371), 
Rx nae ; me _ 
Ry = (eee Rx?) and X2 = ve (1 cee i a) (452) 
* - w2Cx?Rx? 
The conditions for balance are, therefore, 
7” RxQ e 
Pet Tp Cake (453) 
a Q ’ (454) 
wC 1 1 
wCx ss 2GeRe2 
ce on: 
ue PS = 77 GR (455) 
: 2 
ig wCxQRx (456) 


eC) Wise Ret 
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For the determination of Rx it is unnecessary to know the value of Cx, 
since the latter can be eliminated from the above two equations. Dividing 
the first by the second 


S00 = (457) 
Therefore, wx?Cx?Rx? = a (458) 
Substituting this in the first equation 
us| (459) 
SiO? 
Therefore, ite = eee oe (460) 


Examples of bridge circuits such as the above could, of course, be multi- 
plied almost indefinitely. The two given are, however, sufficient for the 
present purpose, which is to illustrate the application of vectorial methods 
to their analysis.! 


EXAMPLES 


1. Given the following conductors: 

(A) (1) A pure resistance of 500 ohms. 

(2) A pure capacity of 6.366 microfarads. 
(3) A pure inductance of 3.183 henries. 

Express in the forms rel? and (a + jb) the impedances and the admit- 

tances of the following combinations of the conductors at a frequency of 

50 p.p.s.: 

(a) (1). 

(b) (2). 

(c) (3). 

(d) (1) and (2) in series. 

(e) (2) and (8) in series. 

(f) (3) and (1) in series. 

(g) (1), (2), and (8) im series. 
(h) (1) and (2) in parallel. 

(k) (2) and (38) in parallel. 

(1) (3) and (1) in parallel. 

(m) (1), (2), and (3) in parallel. 
(n) (2), in parallel with (1) and (3) in series. 

(B). What happens in cases e, g, k, m, and n if the capacity is reduced to 
3.183 microfarads? 

2. Draw the complete vector diagram for a circuit consisting of: 

(a) A pure resistance of 5 ohms in series with a pure capacity of 318.3 
microfarads in series with a pure inductance of 63.66 millihenries in 
series with a 50-cycle e.m.f. of 100 volts. 

(b) The same conductors in parallel, in series with the same e.m.f. 


1A complete account of alternating-current bridge measurements, 
analyzed or vectorial lines, will be found in ref. No. 19, Bibliography. 
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A pure resistance R is in parallel with a pure reactance X. 

(a) If Ris kept constant while X is varied from — © to + ~, prove that 
the impedance of the two in parallel can be represented by a line such 
that, one end being fixed in position, the other end moves around a 
circle of diameter R. 

If X is kept constant while R is varied from 0 to ©, prove that the 
impedance of the two in parallel can be represented by a line such 
that, one end being fixed in position, the other end moves around a 
semicircle of diameter X. 


(b 


~~ 


. An e.m.f. of root-mean-square value 70.7 volts supplies eurrent of 50- 


cycle frequency to a circuit consisting of a pure resistance of 10 ohms in 
series with a pure capacity of 31.83 microfarads in series with a pure 
inductance of 159.15 millihenries. 

(a) Give, in scalar form, the expressions for: 

(1) The instantaneous rate at which electrical energy is being 
absorbed by or given out by each element of the circuit sepa- 
rately. : 

(2) The instantaneous rate at which energy is being supplied to the 
whole circuit. 

(3) The mean value over a period of the rate at which energy is 
being absorbed by or given out by each element of the circuit 
separately. 

(4) The mean value over a period of the rate at which energy is being 
supplied to the circuit as a whole. 

(b) Give the same expressions for the case in which the capacity is 
reduced to 15.915 microfarads. 


. Two air-cored coils have inductances of 5 and 50 henries respectively, 


with resistances of 10 and 10,000 ohms respectively. The mutual induc- 
tance between the coils is 11.18 henries. 

An e.m.f. of 100 volts is in series with the first of these coils. The fre- 
quency of the e.m.f. is 79.6 p.p.s. Give, in scalar form, the expressions 
for the instantaneous values of the currents flowing in the two circuits, tak- 
ing the origin of time as the instant when the e.m.f. is at its maximum 
value. 

Give also, for comparison, the expression for the instantaneous value of 


the current in the first circuit when the resistance of the second circuit is 
made infinite. 


1. 


ANSWERS TO EXAMPLES 


(A) 
Impedances Admittances 
(a) 500 + 0); 500e°. .002 + 0j; .002¢. 
(b) 0 — 500j; 500e~ 19°, O + .002j; .0029, 
(c) 0 + 1,000}; 1,000. O — .001j; .001<—19°, 
(d) 500 — 500j; 707«—#45°, .001 + .001j; 00141645", 
(e) 0 + 500j; 5009, 0 — .002j; .002«— 590°, 
(f) 500 + 1,000); 1,118¢6°26", 0004 — .0008j; .000894¢ —163°26", 
(g) 500 + 500j; 70724". .001 — .001j; .00141«—3*5°, 


(h) 250 — 250); 354e7 34°. .002 + .002j; .0028345°, 
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(k) 0 — 1,000}; 1,000¢—39°°. 0 + .001j; 00169”, 
(2) 400 + 200}; 447.2<26°34”, 002 — .001j; .002236¢7126°34’, 
(m) 400 — 200j; 447.2«7126°34", 902 +. .001j; .002236626°34’, 
(mn) 250 — 750j; 790.5¢7371°33", 0004 + .0012j; .001265¢171°33", 
(B) 

0; 0. co: ©, 

500 + 0); 50029. .002 + Oj; 0029. 

co; ©, O30; 

500 + 0j; 500°. 002 + 0]; .002°. 


2,000 — 1,000}; 2,236¢—176°34", 0004 + .0002j; .000447626°34’, 
2. Representing the e.m.f. by the vector 141-4y, then the other vectors 
of the diagram will be: 
(a) Ex = 63.15¢1116°34" ,, 
Ey = 253¢153°26" ,, 
Ec = 126.3626°34" y, 
I = 12.63¢ —163°26' 


(0) | 
Tie 29,2014". 
I, = 28:3y. 
I, = —7.07jyv. 
Ic = 14.14 jv. 
3. Outline of proof for first part: 
yvov jy 
AR Xx 
1 Ale 
v= Rev — xlev. 
Taking the scalar product with zy, 
ANTES pe 
R Ns) 
: IRS IRA Jae 
ee (» ) Ths 29 
4. (a) (1) px = 192.31 cos (628t + 112° 36’) watts 
Pc = —96.15 cos (628t + 112° 36’) watts 


Pr = 19.23 + 19.23 cos (628t + 28° 36’) watts. 


(2) p = 19.23 + 19.23 cos (628t + 22° 36’) + 96.15 cos (628t + 
112° 36’) watts. 


(3) 1p = 


(4) P = 191805 watts. 
(b) (1) px = 5,000 cos (628t — 90°) watts 
Pc = —5,000 cos (628t — 90°) watts 
Pr = 500 + 500 cos 628t watts. 
(2) p = 500 + 500 cos 628t watts. 


(B) 1, = O 

Pe = 0. 

P, = 500 watts 
(4) P = 500 watts. 
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5. Current in first circuit: 
.0951 cos (500t — 72° 45’). 
Current in the second circuit: 
.01976 cos (500t + 129° 3’). 
If the second circuit is open, the current in the first circuit will be: 
.0566 cos (500t — 89° 46’). 


CHAPTER V 


PROBLEMS INVOLVING DISTRIBUTED CAPACITY AND 
INDUCTANCE! 


47. It was pointed out in Par. 18 that, while the solution of 
ordinary network problems would, in general, lead to operational 
expressions of a comparatively simple character, the application 
of the same methods to problems involving distributed capacities 
and inductances would give rise to circular, hyperbolic, and 
exponential functions of operators, the interpretations of which 
have not yet been considered. 

It is proposed in this chapter to illustrate the application of the 
vectorial method to problems of this type, by discussing briefly 
the theory of the action of the telegraph or telephone cable, with 
some account of the production of stationary oscillations on wires. 
For this purpose it will first be necessary to consider some of the 
types of operational expressions which are likely to occur in these 
and similar analyses. 

48. Circular and Hyperbolic Functions of Operators.—It was 
shown in Par. 12 that the operator (cos 6 +] sin @) could be 
expressed in the form ¢’, this being a short way of writing the 
series 
Ga)? 

Zs 


(30)? 
a 


(j9)4 


1+ j@? + 7a + ete., ete. adinf. (461) 


It was further shown that though, from a rigidly mathematical 
point of view, é’ could only be regarded as a short way of writing 
the series, yet the j@ does really appear to be of the nature of an 
index, since it can be shown to obey the ordinary index laws. 
On this understanding, therefore, 


(cos 6+j sin 6) = &”. (462) 
Similarly, putting —é for 6, 
(cos 6 —j sin 0) =e”. (463) 


1 Bibliography, Nos. 10, 13, 6, 3, 1. 
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By the addition and subtraction of these two equations, 


jo —j0 

cos 8 = t 7S F (464) 
MGs 

sin 6 = i ne (465) 


In considering operational expressions, such as sin jb, cos jb, 
etc., the above process can be, as it were, reversed and the expo- 
nential expressions on the right-hand sides of Eqs. (464) and (465) 
considered as defining, in conjunction with the series of Eq. (461), 
the circular functions on the left-hand sides of the equations. 
This procedure will solve the difficulty of the interpretation of 
circular functions of operators, though, of course, it remains to 
be proved that such functions, defined in this way, obey the 
ordinary formulas of trigonometry.! 

The method of proving that the formulas x trigonometry do, 
in fact, apply to such functions can be illustrated by two typical 
cases. For instance, 


Sin a cos jb + cos a sin jb. (466) 
e1@ae OPO 1 pee 
ve ; ‘ a j c z (467) 
= x (Qe cae Dee?) 

a 5 cia tid) ew Hte-tib)| (468) 
= sin (a + jb). (469) 


Therefore, sin (a + jb) = (sin a cos jb + cos a sin jb). (470) 


bie eh yale b 

or again 2 sin jb cos jb = es 9 as $ =) (471) 
ry 92 (e—2b e2b) 4 
eine aes (472) 
1 (d@ib) — ¢-i@ib)) 
ane 9 (473) 
= sin 2jb. (474) 


Considering now the hyperbolic functions, which are defined 
thus 


sinh u 


3 
ges 2 a v+e 7 ae » a. speete., ete. ad. anf. Ato) 
Crh Cpe 


ee (476) 
1 Bibliography, No. 23. 
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Vice SALSA Ue ' 
coshu = 1 + 31 + 41 + 61 “ee . tele etwads int. (A477) 
és eu + Cau 
= ae (478) 
: of eb — ¢—ib 
then sinh jb is seen to be the operator 5 » and cosh jb 
ib ~jb : 
the operator Se in which, as before, e” is to be regarded as 


an abbreviation for the series Eq. (461). On the basis of this 
definition, and since the quantities such as jb obey the index 
laws, it is easily shown exactly as in the corresponding cases of 
the circular functions that hyperbolic functions of operators obey 
the ordinary formulas of hyperbolic trigonometry. 

Further, on the basis of the exponential definitions of both the 


hyperbolic and the circular functions, 
1 ib — ¢—iib 


sin jb = ee (479) 
She 
a : cae (480) 
ba eb 
=j — (481) 
= j sinh b. (482) 
a aa 
Sanilarly, Con {bie tS (483) 
b =b 
= ore (484) 
= cosh b. (485) 


In this way the equalities given in the following table may be 
derived: 
sin jb = ] sinh b sinh’ [bee] sin b | 
cos jb = coshb  coshjb = cosb /;: 
tan jb =jtanhb tanh jb =j tanb 
The reduction to one or the other of the standard forms of 
any of the circular or the hyperbolic functions which are likely to 
occur in practice may now be considered. For instance, 
sin (a + jb) = sin a cos jb + cos a sin jb (487) 
= (sin a cosh b) + j(cosasinhb), (488) 


(486) 


and, again, 
sinh (a + jb) = sinhacoshjb + coshasinhjb (489) 
= (sinh a cos b) + j (cosh a sin b). (490) 
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For tan (a + jb), 

sin a cosh b + j cos a sinh b 
cos a cosh b + j sina sinh b 
This expression could be further simplified by conversion into 
the form re’ by the methods already described, but in this case 
it is simpler to operate on the numerator and denominator with 
(cos a cosh b + j sin a sinh b), giving 

(cosh? b — sinh? b) sin a cos a + j (sin? a + cos? a) sinh a cosh b 

- cos? a cosh? b + sin? a sinh? b : 


tan (a + jb) = (491) 


(492) 
which, by means of the usual trigonometrical formulas, can be 
reduced to 

sin 2a + j sinh 2b 
cos 2a + cosh2b- 
The above examples will suffice to illustrate the method. For 
convenience of reference, a list of the more usual forms is given 
in Par. 50. 
49, Exponential and Logarithmic Functions of Operators.— 
1 The form e“*!” presents no difficulty, since 


(493) 


er eee (494) 
2. For log (a + jb) the result is, putting 
(a + jb) = re? (495) 
log (a + jb) = log re” . (496) 
= log r + log e” (497) 
=logr+jé (498) 


= log (a2 + b?)? + j tan7} °. (499) 


50. Standard Forms.—The standard forms tabulated below 
for convenience of reference can all be established by the methods 
described in the preceding paragraphs. 

sin 2a + j sinh 2b 
{ a= : 
BS a1) cos 2a + cosh 2b 
sin 2a — j sinh 2b 
cosh 2b — cos 2a 
+, _ 9 sinacoshb — jcosasinhb ee 
cosec (a + jb) = VE Eee hima (502) 
cos a cosh b + j sinasinh b 
cos 2a + cosh 2b eg) 
sinh 2a =F sin 2b 
cosh 2a +- cos 2b 


(500) 


cot (a + jb) = 


(501) 


sec (a + jb) = 2 


tanh (a +: jb) = 
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sinh 2a — j sin 2b 


OAS Cary ie cosh 2a — cos 2b feu) 
+) _ 9 cosbsinha — jcoshasinb 

Cy a cosh 2a — cos 2b coy) 

Guleree ot yeee: cosh a cos b — j sinha sin b (507) 


cosh 2a + cos 2b 
cosh 2b — cos 2a 


log sin (a + jb) = log + jtan7!(cot a tanh b). 


2 
(508) 
log cos (a + jb) = : log cee a coe cee j tan—!(tan a tanh b). 
(509) 


51. Current and Potential Distribution in Telephone and 
Telegraph Cables.—Consider the arrangement shown in Fig. 
49, which represents a pair of conductors of indefinite length, 


ey dx << 
ONs WV 
<—_|[— amy 
Fig. 49. 


between the ends of which is applied an e.m.f. v; = Vi cos wt. 
Let L, C, R, and G be, respectively, the inductance, the capacity, 
the resistance, and the leakance or dielectric conductance per unit 
length of the pair of lines. Then it is easily shown! that the 
differential equations for the current in the lines and the poten- 
tial difference between them at a point a distance X from the 
sending end, 7.e., the end at which the e.m-f. v, is applied, take 
the form 


01 Ov 
Ov : 01 
eae == 1 ap La (511) 


For the reasons given in Par. 31, v and i may be assumed to 
be simple harmonic functions of time of the same frequency as V,. 
Therefore ily (512) 

sae ERY (513) 

1 See ‘‘The Propagation of Electric Currents in Telephone and Telegraph 

Conductors,”’ by J, A. Fleming. 
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and transforming the scalar Eqs. (510) and (511) into the vector 
form 


~2 a-») = aw) +02(v-y) (514) 
—2.(V-9) SR syne Lad -y), (515) 
aS es Fe ane aay (516) 
= Oye CEE Geller (517) 

and, since these equations hold for all values of ¢, 
-2 = (G+ joO)V (518) 
-v =A ect) ae ~ (519) 


Differentiating with respect to x, 


Pt ay eh 
52 = (GH je0) 5S = (Gt jeO(R $F jel) (620) 
~: Seed) - = (Ree jel) (6 4 ja) Veoe) 
Thus, putting P? = (G + jwc)(R + joL) (522) 

2 

the result is ee = Pa (523) 
EB wo mbes 
Dx? = | Vie (524) 


Although these are vector equations, the differential coefficients 
having the extended meaning of vector differentiation, it can easily 
be shown that their solutions are of the same form as would 
satisfy the same equations with scalar variables. Thus, putting 


Viwrec Ase By (525) 
where A and B are arbitrary constant vectors, the result is 
ov = PxA (3 7 Px es 
Be P(ePxA — e— PxB) (526) 
eV pase 
and oe P2(ePxA + €—P*B) (527) 
=. P2V, (528) 


Equation (525), therefore, satisfies Eq. (524) and, since it has 
the requisite number of arbitrary constants, it can be regarded as 
the general solution of Eq. (524). 
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The values of the arbitrary constant vectors A and B will, of 
course, depend on the particular case being considered. A 
full development of the solution, such as is given in the book to 
which reference has been made, is outside the scope of the 
present work, but, as illustrations of the method to be adopted, 
the special cases of a line of length 1 short-circuited at the distant 
or receiving end, and the simpler case of a line so long as to be 
virtually of infinite length, will be considered. 

In each case 

V = V,, when x = 0 (529) 

A+B = V,. (530) 

Further, for the line of length 1 short-circuited at the receiving 
end 


V = 0 when x = 1, (531) 
so that eA ++ "B= 0 (532) 
1 
A oe ieee V; (533) 
e— Pl 
= ales, sake (534) 
me Vv s 
= Gopninage >) 
Pl 
and, similarly, B = ep Vs (536) 
Wi = er Pl { —eP%e—Fl +. e-?PXeFl} V, (537) 
= sae Vee) = eee), Ve (538) 
einige ie as 9) 
= sinh PY ee) 
1 OV 
Also, since lee Pies iat aot (540) 


iy cosh P(l —.x) 
~~ R+joL sinh Pl 
Equations (539) and (541) can be put in the form 

V = (cosh Px — coth Pl.sinh Px) V, (542) 


I= Rajan ooth Pl cosh Px — sinh Px)V,. (543) 


I V. (541) 


This is the complete vectorial solution for V and I in terms of 
V, and x. For the physical interpretation of the result, it will be 
necessary to consider more in detail the operational expres- 
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sions involved and to transform the hyperbolic functions into 


exponentials. 
For P, 
P? = (G + jac)(R + joL). 
Putting (R + joL) = rie 
(G + jwc) = ree, 
j(61 +62) 
we have eae a ee oa 
ee) es 
and Rewion = ne é 3 
= (a + jb), 
where ee is cos (hi) = 02) 
= /2 Lyrae + (RG = w*LC) 
and C= vin sin (1 . 62) 


= wr V/ rire =a i ome w?LC). 


As shown in Par. 50, 


a = cosech Pl 
=h + jk, 

h ice cos bl sinh al 
ea ~ cosh 2al — cos 2b] 
and ae cosh al sin bl _ 

; i cosh 2al — cos 2bl 
Thus, cape r3¢i9s, 
where tr, = Vh? +k? 
and tan 03 = fe 
Pp 


(544) 
(545) 
(546) 


(547) 
(548) 
(549) 
(550) 


(551) 


(553) 


(554) 
(555) 
(556) 
(557) 


(558) 
(559) 
(560) 


The operator (he Sicleiah Pl therefore, which appears in 


Eq. (541), becomes 


ey i(0+9 -% a 


which for compactness may be written re!® 


r 
where r=Y%s H = 
a 

Be 


and 6=+5-% 


(561) 


(562) 


(563) 
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so that Eq. (541) may be written 
I = re? cosh P(] — x)V, (564) 


re? 
=5 {ea —x) ibd x) 4 —-ad—x) ¢-ibU-x)} V, (565) 


and, since 
V,:v = Vz cos wt, (566) 
the result for i, 2.e., for I - v, is 
Los Be e-* V, cos (wt + 6+ bl — bx) (567) 
+ ete V, cos (wt + 9 — bl + bx). (568) 


Thus, the scalar form of the solution is essentially 

i = ki e™* ¥, cos (wt — bx + 1) + kee** ¥, cos (wt + bx + yn), 

(569) 
ki, ke, Yi, and 2 being constants dependent on the characteristics 
of the line and on its length. 

The expression for the current vs seen to be composed of two terms, 
each of which represents a progressive wave. The first of these is 
traveling in the positive direction of x, and its amplitude decreases 
exponentially in this direction. The second is traveling in the 
reverse direction, and its amplitude decreases exponentially in the 
direction in which rt rs traveling. 

From a practical point of view, a and b, the coefficients of x, 
appear to be the important features of the line. Their values in 
terms of the electrical constants of the line have already been 
determined (Eqs. (550) and (553)). 

The first, a, ts known as the attenuation factor of the line, since 
it is the measure of the exponential decrement of the amplitude of 
the wave. 

The second, b, is known as the wave-length constant, since the 


; hae 
wave length of the progressive waves 1s a 


Since the frequency f is ae for the velocity of the waves 


v =f X wave length (570) 
ees 5 
Fn ai (571) 


The above is, of course, only an outline of the physical inter- 
pretation of the equations. More space, however, will not be 
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devoted to it, as the present book is only concerned with the 
mathematical side of the subject. 

52. The Special Case of a Very Long Line.—In many practical 
cases | is so great that it can be considered to be virtually infinite. 
This approximation can be made to a high degree of accuracy in 
all cases in which the product al is greater than 4. It will be 
seen on reference to a table of hyperbolic functions that, when al is 


greater than 4, cosh al is practically equal to sinh al, so that 
_ cosh (al + jbl) 
cosh al cos bl + j sinh al sin bl 


es z 2m ie 
cn Ne wai 
=e (574) 
Under these conditions, therefore, Kq. (543) becomes 
le : 
I= Rea (cosh Px — sinh Px) V, (575) 
ey Nee Oe. 
gas aie Ten (RF iad) seal eo) 
(577) 


The quantity aa i is known as the 


“vector character- 


istic impedance” of the line. It is obviously the ratio of the 
vectors representing the potential and the current at the sending 


end of a line of infinite length. Expressing it in the form z,e”, 


where 
n= (Ga an| (578) 
y = 3 tan“! e — He tals a (579) 
Equation (577) can be written 
I = . eR IOK+Y V,, (580) 
noe ce * neta) Sine 0) (581) 


Comparing this with Eq. (569) it is seen that in a line of very 
great or infinite length there is no reverse direction or reflected wave. 
53. Stationary Waves on Wires.—The discussion of the for- 
mation of stationary oscillations on wires can be regarded 
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as the special case of the preceding analysis which arises when R 
and G are so small as to be negligible compared with wL and wC 
respectively. At radio frequencies these conditions are generally 
fulfilled, since wis then very great. The discussion of this 
special case will only differ from that of Par. 31 in the value of P. 
Putting G = R = 0 in 


P? = (G + jwC)(R + joL), (582) 

the result is PP? = —»w*LC, (583) 
so that Pe ma (584) 

it 
Yim ee eae 
where p LC (585) 
Applying this in the solution of the case in which 

Vi=aV ate. 0 (586) 

V=0 at x=], (587) 


7.€., in the case of a pair of lines of length | short-circuited at the 
far end, the result is, as in Eq. (539), 


EA 
sinh —— (Il — x 
Loe ) 


Mees ae V; (588) 
sinh 2°] 
Pp . 
J@ cosh = (1 — x) 
ie a Speed Sera >, (589) 
ee sinh 1°) 
p 
sin ~ d — r) 
oe v-—?__¥, (590) 
sin 
(69) 
1 008 5 (1 — x) 
and ae Vs Ce) 
jpL 


The equations take a somewhat simpler form if x be measured 
from the far end instead of from the point of application of the 
e.m.f. Then 
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i p 
and I = — = rs, Vs, (593) 


In scalar form these become, since V,:v = V, cos wt 


Vis ®_ sin * cos wt (594) 
. wl p 
sin — 
fe eae ES (595) 
. Ww 
Lp sin — P 
p 


Thus, the distribution of current and of potential is in the form 
of a standing wave with a node of potential at x = 0, 7.e., at the 
short-circuited end, and an antinode of current at the same point. 

It is clear that nodes of potential will occur when 


sin = 0, (596) 
p e 
aioe SL Orar i (597) 
p 
or meet (598) 
Ww 


Similarly, the amplitude of v will become a maximum (theoret- 
ically infinite) whenever 


eee 
sin— = 0, 599 
3 (599) 
4.€., = = 0 or nz, (600) 
Res Pes. (601) 
(63) 


1 
In the above, p has been written for aie For two parallel 


wires of diameter d in free space, with centers D centimeters 
apart! 


1 This is true when the linkages within the wires are negligibly small, 7.e., 
Gl. : : : i : 
when p's small or when w is so high that the “skin effect’’ confines the 


current to the periphery of the wire. 
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2D . : 
L = 4 log. oi E.M. units per centimeter (602) 
1 : : 
C = ——~ E.S. units per centimeter (603) 
2) 
4 loge ras 
1 1 : : 
= —-—~— -— H.M. units per centimeter (604) 
PAB Or 
4 loge a 


where c = 3 X 10!° cm. per second. 
1.€., © is equal to the velocity of light in free space. Therefore, 


LC a4, = const (605) 


In the above equations, therefore, p is an absolute constant 
for all values of d and D, provided Fs is small and is, in fact, the 
velocity of light in free space. 

EXAMPLES 


i. A long telephone line has the following constants per loop-mile, 7.e., per 
mile of lead and return: 


IReSIStance maaan once sation eect ean 100 ohms. 

tin Guictanc Greene aaa eae econ per eee 1 millihenry. 
Capacity memes watt tee Acer Oe Ame an. .05 microfarads. 
WiGaK ANCOR. eee care Rene oe puerta tore nil. 


A sinusoidal e.m.f. the amplitude of which is 0.1 volt, the frequency being 
159 p.p.s., is applied at one end of the line. 

The e.m.f. being represented by the vector .1v, find the corresponding 
vector expressions for the current in the line at the following distances 
from the end at which the e.m.f. is applied: 

(a) O miles. (b) 62.5 miles. (c) 125 miles. 


%. Assuming that the primary constants of the above line are independent 
of frequency, find (a) the attenuation factor, (b) the wave-length constant, 
(c) the wave length, and (d) the wave velocity of the line at the frequencies 
(1) 1,590 p.p.s. and (2) 159,000 p.p.s. 

8. Under what conditions will both the attenuation factor and the wave 
velocity of a telephone line be independent of frequency? 

4. A cable having the following constants: 


Inductance: per unit loop lengthaws-. eas. s1. ses ae 
Resistancesper unmithooprlengthineemccssice sce cee see 
(Cayoacuny joewuiauiey Korolev. coon ove on ome enn eds Han ae 
Meakancesperunit Loopsengthiween creed yee eee « 
oopslenc thin mewn wate tok ton, Secreta 
Receiving-end impedance................@ = Rr +jXr 


= (PHi@rlc) |S 
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is supplied with current at the sending end by an e.m.f. of frequency 
oe represented by the vector Vs. 

Find the vector expression for the current at a point distant x from the 
sending end. 

For what value of z will this expression be the same as a line of 
infinite length having the same primary constants? 


5. (a) A uniform helix of copper wire has the following constants: 


ene thts ar dascatn oy aard or 5 meters 

Inductance................ .149 millihenries per unit length. 
Capacity.................. .21 micro-microfarads per unit length. 
Resistance................ negligible. 


An e.m.f. of amplitude 10 volts and frequency 250,000 p.p.s. is applied 
between one end and earth. 
Write the expression for the current at a point distant x from the open 
end, taking the origin of time as the instant when the e.m.f. is a maxi- 
mum. : 
Give the vector expression for the current for the following values of x: 
(b) 0. 
(c) 1.785 meters. 
(d) 3.57 meters. 


ANSWERS TO EXAMPLES 


Aaa yO. <0 eos aye 
(b) =3.16 107 oi" 25: 
(c) 1406) 10 =%144S2 9, 
2. (1) (a) .1505. 
(b) .166. 
(c) 37.8 miles. 
(d) 60,250 miles per second. 
(2) (G3 54: 
(b) 7.08. 
(c) .8860 miles. 
(d) 141,000 miles per second. 

3. If the product of the inductance and the leakance is equal to the product 
of the capacity and the resistance (each per unit length), then the attenua- 
tion factor and the wave velocity will both be independent of frequency, 
Cet 

LG = CR 
Attenuation factor = “GR 
1 


Wave velocity = +. 
VLC 

If the leakance (G) is nil, and if wl is very large compared with R, then: 
: Rajc 
Attenuation factor = ay 


1 
We 


Wave velocity = 


DISTRIBUTED CAPACITY AND INDUCTANCE 


4,1= ‘& cosh Px — = sinh Px) Vin 
% Z ’ 


Cc 


z, cosh Pl + zg, sinh Pl 

where Fou #0 G cosh P] + z, sinh Pl 
R + job 
and ge Gee jac 


The current will be the same as in a line of infinite length if z, = z,. 
: re 
6. (a) 1 = SRSA 3.75 X 10-* X j X 10v 
= (—1.22 10-*j sin .0088x)y. 
(b) 0. 
(c) —1.22 10-%jv. 
(d) 0. 
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CHAPTER VI 
DAMPED ELECTRIC OSCILLATIONS 


54. Vectorial Representation of a Damped Electric Oscilla- 
tion.—Consider an alternating current whose instantaneous 
value i is given by the equation 

i = Ive“ cos (wt + Y). (606) 
It has been seen that such a quantity can be represented by a 
vector I of magnitude 
Ve elee | (607) 
rotating with uniform angular velocity w. It has also been shown 
that for a vector of this description 


dl py ‘ 
he (wj — k)I (608) 
and = = (w] — k)7I etc., etc. (609) 


An alternating current of this type is known as a damped 
electric oscillation. 

55. The Application of Kirchhoff’s Laws to Vectors Represent- 
ing Damped Electric Oscillations.—It was shown in Par. 34 that 
Kirchhoff’s first and second laws could be applied to vectors 
representing alternating potentials and currents of sine-wave form. 
The proof given required only that the scalar products of the 
vectors concerned with the fixed unit vector correctly represented 
the instantaneous values of the electric quantities, and will, 
therefore, apply equally to vectors of the type under considera- 
tion, 2.e., to vectors representing damped electric oscillations. 

56. Current and Potential Relationships for Damped Electric 
Oscillations.—As shown in Par. 35, there are for E,, E,, and E,, 
the vectors which represent the potential differences due to the 
passage of a current represented by the vector I through a resist- 
ance R, an inductance L, and a capacity C respectively, the 
equations 


E, = —RI (610) 
di 
E, = -Lo (611) 
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dee al, 
and fies iat (612) 


It has also been shown (see Par. 28) that, for vectors of the type 
under consideration, 


dl 
7 i — WL (613) 


Therefore, for the damped electric oscillation represented by 
the vector I, 


E, = —RI (614) 
E, = —L(wj — k)I (615) 
age Ie Ge -4 (616) 
& i Projo k 
or . De = CGhate es oe (617) 
Where p? = w? + k?. (618) 


The vectors E,, E,, E, are illustrated in Figs. 50, 51, and 52 
respectively. For the reasons given in Par. 35, they will have 
the same angular velocity and the same decrement of magnitude 
as the vector I. 


kLI, 


v E,=-Lej-k)I- 


E,>-RI 
Fie. 50. Hig. 51. 


57. Energy Conditions in Damped Electric Oscillations.—One 
important difference between damped and undamped electric 
oscillations is immediately apparent in Figs. 51 and 52, namely, 
that the current and the potential vectors in the cases of a pure 
inductance and a pure capacity are not 90° apart as they were in 
the corresponding cases with undamped oscillations. It follows 
from this that the mean rate of change of energy associated with 
conductors of this tyne is no longer zero. 
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Consider, for instance, the case of an inductance L through 
which is passing an electric oscillation represented by the vector 
I, where 


I-v = Tye cos wt. (619) 
As shown in Eq. (615), 


E, = —L(wj — k)I (620) 
= L(w? + k?)*eI, (621) 
where tan y = ae (622) 


IM, (Pz 


Applying the energy equation (Eq. (325)), we have for p,, the 
instantaneous value of the rate of change of the energy associated 
with L, 


ie I oa sora (623) 
a le ae — Wl, Let —- ie (Qut + y) (624) 

” ee i the seize) cos (Qut + y) (625) 

z Sees a = sa peal cos (2wt + ¥), (626) 
since | = Ipe-*t. (627) 


Thus, the energy changes fall into two parts, one being a 
simple exponential expression, and the other a periodic double- 
frequency term with an exponentially decreasing amplitude. 
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To determine the total energy change it will be necessary to 
integrate Eq. (626) between the limits t = 0 and t = ~. For 
this purpose it can be put in the form 


a Ilikgve so ‘ 
Pu ac D) 
IW k2)# [5% —2kt 
oe (eas : vs (cos 2wt cos Y — sin2wtsiny) (628) 
a Kiely e —2kt 
ca 2 
KLI )2e —2kt 2, —2kt 
aes 5 cos 2wt + ol %e sin 2wt. (629) 
Remembering that dee dt = = (630) 
0 
og : k 
2kt s K 
ik cos 2wt dt = Ho +R) (631) 
“okt : 2a i es ee 
iE sin 2wt dt = Mo? +k) (632) 
7s Ll? 1 k? 9 a w? 
then foot = = |t 3 2 (w? + k?) + Xo? + (633) 
LI,? 
Se (634) 


This is, of course, in accordance with the physical conditions 
which obtain at the instants t = 0 and t = ©, forat t = 0 there is 
a current of magnitude 


1 


l| 


(ies cos ot). =, (635) 
= 1h 


flowing in the inductance L, and at the instant t = ©, @.e., in 

practice when the amplitude of the current has become inappre- 

ciable, which will, in general, be after a small fraction of a second, 

then i= 0. Thus, the total change of current is I) and the 
2 


LI)’. : 
total change of energy ee in accordance with the usual formula. 


In a precisely similar manner it could be shown that, given an 
oscillation of potential across the plates of a condenser of capacity 
C, represented by 

e = Bye ** cos at, (636) 
the total change of the energy associated with the condenser 


would be 4CE,2, since in the course of the oscillation the poten- 
tial falls from FE, to 0. 
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On the other hand, if the oscillation be represented by 
e = Eye sin ot, (637) 


the total change of energy associated with the condenser will be 
found to be zero by the integration of the energy equation, since 
the potential of the condenser is zero both at the commencement 
and at the end of the oscillation. The above integrations will 
not be given in detail, as they are essentially of the same type as 
the one already given as an example. 

58. Free Oscillations in an Oscillatory Circuit—Suppose 
that in the cireuit shown in Fig. 53 a current is flowing represented 
by the vector I, where 


I-» = foe cos (wt + y). (638) 


Hieaoor 
For the sum of E,, E,, and E, the result is 


— {RI + Lj — WE + ceo 


: 1 
To satisfy Kirchhoff’s second law, therefore, an e.m.f. E of this 
magnitude will be required to maintain the assumed current. 
The case is illustrated in Fig. 54. It should be noted that the 


Ir. (639) 


angle between E, and I is tang and that between E, and I is 


w 


tan“) Thus, E, and E, are equally inclined to I. 


Suppose now that : 
Ea = Be (640) 
BE, and FB, being the magnitudes of E, and E,. Then 
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2 2\4 as : i Be. 
Lw?+k)!f = oP fb kDt (641) 


or LC(w? + k?) = 1. (642) 


rE tE, 


Fig. 54. 


If, therefore, w has such a value that the above equation is satis- 
fied, 2.e., if 


Sire ey (643) 


Pres-55: 


E, and E, will be equal in magnitude. It follows, therefore, 
since E, and E, are equally inclined to I, that E, + E, will be 
in the same direction as I, as shown in Fig. 55. 
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For the value of E, + E, in terms of I 


E, +E, = —{L@j-) + a ia) = =} oH 
=-{Lej- + (FAS |r (45) 

re oe a (646) 

since C(@? + k?) = - | (647) 
Thus, Fo oe hee ELA. (648) 


Under these conditions the e.m.f. required to maintain the 
assumed current is clearly 


—(—R + 2kL)I = E. (649) 
Suppose, now, that, in addition to the condition imposed above, 
namely, LC(w? + k?)= 1, 3 (650) 
the value of k is such that 
R 3 
—R + 2kL = 0, ork = or, (651) 


Then E = 0. In other words, no e.m.f. 1s required to maintain the 
current (see Fig. 56). 


Thus, to a current given by 


i = I~» = the-™ cos (ot + Y), (652) 

R co) 
where ese Fi (653) 
and a = Lede k2," (654) 
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the circuit illustrated in Fig. 53 offers no resistance, so that no 
e.m.f. will be required to maintain the current. If, therefore, 
by any means, which need not yet be specified, a current is caused 
to flow in the circuit at the instant t = 0, then at any subsequent 
instant t the current will satisfy Kirchhoff’s second law, provided 


i = Ine-*t cos (wt + y), (655) 
where k= = (656) 
1 
eld ea le 6 Bs LY 
and eA i alls (657) 


The circuit has, therefore, a natural free period of its own 
associated with a natural free decrement factor, determined by 
its electrical constants as shown above. It is for this reason 
described as an oscillatory circuit, and the current i which results 
from any electrical disturbance is termed a free oscillation. 

The amplitude of the oscillation at the instant t is given by 
een ist : 

oe (658) 


w 


be the period of the oscillation, the amplitude at the instant 
t + T will be 


tens Bae en err (659) 
The ratio of the first of these amplitudes to the second is 
= lek 
y == ET, (660) 


€ 
The logarithm of this ratio to the 
base ¢ is, therefore, kT. 

This quantity kT, which ts a con- 
stant, is termed the “logarithmic decre- 
ment”’ of the oscillation. 

59. The Amplitude and the Phase 
of a Free Oscillation—The con- 
stants I, and y in the expression 

I-v = Toe~“cos (wt + ¥) (661) 
for the free oscillation of the circuit 
considered in Par. 58 are as yet un- 
determined. They will, of course, 
depend on the nature of the initial 
disturbance which produces the oscillation. This can be illus- 
trated by considering the case in which the condenser is charged 
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to a potential + vo by some suitable source which is short-cir- 
cuited at the instant t = 0 (see Fig. 57). The boundary condi- 


tions in this case are 
i = 0 when t ="0 
e, = +vo whent = 0 
Tor E, therefore, since 


i = Ipe-*t cos (wt + y) 


C= te 
il ; 
= ——__——. e*I 
CV w? + k? 
where @ = —tan“! = ’ 


7.€., 6 lies between 180 and 270°. Therefore, 
E. = _ VLC é@I, 
C 


since - w? + k? = a 
1.e. = Eee Toe-*t cos (wt if y+ ¢) 
and when t = 0 
Le 
(ece)t=0 = ecune I, cos (¥ + ¢) 
= ues I, (cos ¥ cos ¢ — sin W sin 4) 
; ak = 
and, since cos ¢ = ical =i Lo 
and dine =e ee Ta 
aay came wVLC 
(le)tzo = kLIy cos Y — wLIy sin y 


+vo. 


From Eq. (675) 
—wLI, sin y = +vo. 


Therefore, Le cee 


(662) 
(663) 


(664) 
(665) 


(666) 


(667) 


(668) 


(669) 


(670) 
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and y= x (681) 
(eee kt ag 

Thus, finally 1 a (wt + 5) (682) 

= 1 e—*t gin wt. (683) 


60. Forced Damped Oscillations.—Consider the circuit shown 
in Fig. 58, which represents an inductance L, a capacity C, anda 
resistance R in series with a source of exponentially damped 


1p 


Kee Ey 
Fie. 58. 


e.m.f. For the reasons already given, the current I produced 
by the e.m.f. will be of the same frequency and the same damping 
factor as E, and, applying Kirchhoff’s second law to the circuit, 


ae 
—k eens 4 
Lol Deane peiearey has (684) 
bee ean ee : pli== (685) 
ae (i eC 
Now put w? + k? = p? (686) 
ease : 
ie = pi? (688) 
and iO OE NG, (689) 


so that a is the natural frequency of the circuit and ky is its natural damping 
us 


factor. Then 
2, 
L{ (i —W) + 2k — BY (oj +) }1=E (690) 


2 2 
1.05, L {oi (a 5) + 2k, ne + PP) lt =z, (691) 
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The condition for the vanishing of the ] term is clearly pi? = p?. 


v4 
Thus) es 


1 
De 


can be regarded as a measure of the degree of distuning of the circuit. 


Writing d for this, 


L{wjd + 2(ki — k) + dk}I = E, 


a form which serves to emphasize the effect of tuning the circuit, 7.¢., of 
decreasing the value of d to zero. 


For abbreviation put 


(692) 


wd =b (693) 
2(k;i —k) + dk =a (694) 
and r2 = a?+ pb? (695) 
wi NE a 
Then Sia (696) 
ft a kt 
and ee Tat (a cos wt + b sin wt). (697) 
1 ae 
For Co Ec = — C@j =) I (698) 
— Gi) se hs 
= Ue I (969) 
1 : ‘ is 
= LCpx2" = jb) (k AP wj})E (700) 
— kt 
Ca ee (ak + wb) cos wt + (bk-— aw) sin wt}- (701) 


The above, however, cannot be the complete solution, for, if it were, the 
initial conditions would be 


Genoa a (702) 
k b 
(ec)t =0 = = : = LCp” (703) 


whereas the physical conditions of the circuit require that both i and ec 
shall be zero when t = 0. To satisfy these conditions, therefore, it must be 
assumed that, in addition, the circuit is thrown into a state of free oscillation, 
the initial conditions of which just balance the initial conditions of the forced 
oscillation, 7.e., the initial conditions of the free oscillation are given by 


a Bo 


Oh=6¢ = Sak (704) 
—(ak + wb) Fro = 
(ec)t =0 = 2 LCp? (705) 
It will be convenient to express the free oscillation in the form 
1 An 
*= Tart ibe” te 
where Ey, + v = Boe— kit cos ait. (707) 


In this expression a; and b, are the two unknown constants to be determined. 
For i 
’ 


i=I-y= Tec kt er eran ot): (708) 
L r,2 1 


2 
1 
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Comparing Eq. (706) with Eq. (696) it is seen that a; and b, must satisfy 


a a 
i =a (709) 
aik, ++ @ib1 Al _ak + wb 
piri? si pr? u (710) 
° ark, wb Da" ak + wb 
4.6. 12 oe qo aay (711) 
(__ — Aas + wh) (712) 
bi 1 ane cay 
ro? = pyalat (ki — k) + dk} — ble — od)] (713) 
and, since b = ed (714) 
and a = 2(k, — k) + dk, (715) 
by a 1 a By os % 
ress EG 1 dky= bo — b) |: (716) 
For the free oscillation, therefore, since 
: lk fa ; 
y= Be. ln cos wit + o sin ont | (717) 
a(a # - dk) 


oe Pek = Cosent hae + b(b — w)| sin ot | (718) 
Wy) 
For the forced oscillation Eq. (697) 
i= jae (a cos wt +b sin wt). (719) 


The total solution, which is the sum of the free and the forced oscillations is, 


therefore, given by 
—ktf —ktft 


lle ae Ko De Oeste 
eae cos Bees nies sin wt 
eek dk ae 
a os cos wt + pero + b(b = w) s See ——E, sin wit (720) 
where, repeating the abbreviations for convenience, 
1 
ie eee 
Pi LG (721) 
R o 
ky = 2L G22) 
wy? = pr’ — k,? (723) 
p? = wo? + k? (724) 
a = 2(ki — k) + dk (725) 
b = ad (726) 
r= ace Oe (727) 
= Dic ‘ 
d = 1,— +=. (728) 
p2 


The most interesting case is that in which the circuit is tuned to resonance, 
OP 
p22 = p2ord =0, (729) 
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which will give a = 2(k, — k) b = O and r? = a?, (730) 

—ktZ —kitt —kit 

.  € Hy coswt  € Hig COS ort elie ee 
so that 1 = Ta — le one: sin wt. (731) 
If, in addition, the resistance R is varied so as to make 
R 

then mn = (0) (733) 
and @ = W. (734) 


The first two terms become infinite in synchronism but in phase opposition 
and the remainder is 


x Ko. 
in a wt. (735) 


61. The Production of Undamped or Continuous Oscillations. 
The amount of space devoted in the preceding paragraphs to the 


fnode Curent 


Anode Potential 


Fig. 59. 


analysis of damped oscillations may seem excessive in view of 
the decreasing importance of such oscillations as compared with 
continuous or undamped oscillations, particularly in relation to 
the development of radio telegraphy. A knowledge of the 
theory of damped oscillations is still very desirable, however, 
since some of the most widely used methods of generating con- 
tinuous oscillations consist essentially of the “undamping”’ of a 
damped oscillation, that is, of the inserting into an oscillatory 
circuit of something which annuls the effect of its resistance and 
which may, therefore, be suitably described as a negative 
resistance. 

One method of obtaining this result is to connect in parallel 
with the oscillating circuit a conductor whose current-potential 
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characteristic has a negative slope. The dynatron, for instance,! 
has a characteristic of this nature. Under suitable conditions 
of anode and grid potential the relation between the anode 
current and the potential difference acting in the anode circuit 
can be represented by a curve of the form shown in Fig. 59. 
The part PQ can be considered as approximately a straight line 
having the equation 
Vo 


lo = = 4a (736) 


A and B being constants. 

If, now, an alternating potential difference of instantaneous 
value v be superimposed on vo, and if i be the instantaneous value 
of the alternating current which results, then 


eh ae ae (737) 
ie., p= —2. (738) 


Thus, to an alternating potential superimposed on the steady or 
mean potential vo, the dynatron behaves as if it were a negative 
resistance of magnitude B. 

Consider now the effect of connecting such a negative resistance 
in parallel with the condenser of an oscillatory circuit, as shown in 


Fie. 60. 


Fig. 60. If I and I, be vectors representing the current flowing 
in the oscillatory circuit and the circuit —B, C, —B respectively, 
then, assuming the free oscillation to be of frequency w and damp- 
ing factor k, 


1See Proc. Inst. of Radio Engineers, vol. 16, which contains an article by 
A. W. Hull on this subject. 
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Wena Loa ae ies 
j= BLE RT =o memo) 


—BI, + {(#j —k) L+R}I = 0. (740) 


From the second of these 


[oe ees (741) 
: B 
Substituting this result in Eq. (739), 
eae Pca! (oj — DL + BY, 
[i - WL +R oe all — | |r = 0, (742) 


1.€., 
{aj — WL + (R - p4) + 


5p) |E = 0. (743) 


L 
RBC 


Pre. 61" 


Equation (743) shows that the circuit of Fig. 60 can virtually 
be replaced by the circuit shown in Fig. 61. As in Par. 58, the 
free oscillation of such a circuit would have a damping coefficient 


IL 

Rea 

BC 
k= i (744) 

and a frequency e where 
1 
oo? = — k?, (745) 
R 
LC. + g—5) 
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If, now, B be given a value such that 
L 


é ; L 
tes B= CR (747) 
then ee) (748) 
1 
and y= . (749) 
R 
LC(1 + gq) 


Under these conditions, therefore, the natural damping of the 
circuit has been annulled and continuous oscillations of the 
frequency given by Eq. (749) will result. 


It is of interest to trace the source of the energy required for the mainte- 
nance of the continuous oscillations. 

If ip and vo be the current through B and the potential across it before 
oscillations occur, then 


be A= (750) 

or vo = B(A — in). (751) 
The power being consumed in B is, therefore, 

Volo = BAio — ip?B = P. (752) 


In the oscillating condition the alternating current represented by I, will 


be superimposed oni. Putting i, = I, - v, then 


v + vo = B{A — (io +i,)} (753) 
and for the instantaneous power consumed in B, 
(io + i)(ve + v) = BAe + i,) — (io + i,)°B. (754) 


The mean power consumed will, therefore, be the mean value of the expres- 
sion on the right-hand side of Eq. (754) @.e., the mean value of 


BAio + BAi, — ifB — 2id,B — i,2B. (755) 


Since i, is an alternating current, its mean value over a period is zero, so 

that the mean values of the second and fourth terms in the above expression 

Pulse Bis 

are zero, As shown in Par. 41, the mean value of i,’B is aa he I, being the 
magnitude of I,. 


Thus, the mean power consumed when oscillations occur is 


: 1,°B {,°B 
BAio — ic?kB — —— =P - => (756) 
2 2 
which is less than the power consumed in the stationary condition by an 


1,?B 
amount ser 


Now from Eq. (741) 
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ob +R 


I, - Bh (757) 
- aT 2 TR? 
so that i= — 2 (758) 
: w?L?2 oe R2 wh 
and 1;7B.= me eg 12. (759) 
Also, w? : R (760) 
1e(1 tue >) 
Bee 
Poi al SEMEN Se 761 
LCB Gee 
ig 
ea erg 
= ae (762) 
Be Nein 
is CR? 2 
ae a 
Mherefore: (wL?-+ R2) = (ae ae Ry 5 (764) 
L CR : 
Or (70) 
=i (766) 
I,2B LE 
Thus, finally, = = ze (767) 


In other words, the source of potential which maintains the conductor B 
in a negative-resistance condition supplies to that conductor a certain 
amount of power. When oscillations occur in the oscillatory circuit, the 
power consumed by the conductor B is decreased by an amount exactly equal 
to the power consumed by the resistance of the oscillatory circuit. That is 
to say, power is diverted to the oscillatory circuit from the conductor B, 
which thus appears to function as a sort of agent between the source of 
potential and the oscillatory circuit. 


62. The Generation of Continuous Oscillations by Means of the 
Thermionic Valve.—The case of the valve generator is essentially 
similar to the above, though the mechanism is somewhat dif- 
ferent. The process will be illustrated by reference to the 
typical generating circuit illustrated in Fig. 62. 

It is well known that changes of anode potential, grid poten- 
tial, and anode current (represented by v,, Vg, and i, respectively) 
are related by an equation of the form 


i, = ava + BVp (768) 


a and g being constants for a given valve, it being understood 
that these changes are all within the region over which the 
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characteristics of the valve can be regarded as straight lines, 
or approximately so. 


Putting ; ® =i (769) 

and =aaay (770) 
oxlaee 

then i, = Mian ¢ CPT) 


Ra 


The meaning of the above equation must be clearly understood. 
It is that, irrespective of the initial values of anode potential, 


ite 


hice G2. 


grid potential, and anode current, a change of anode potential of 
amount v,, together with a change of grid potential of amount v,, 
will produce a change of anode current of the amount given by 
the equation. For instance, if v, and v, be the instantaneous 
values of alternating potentials operating in the anode and the 
grid circuits respectively, then 1, will be the instantaneous value 
of the alternating component of the anode current. If these 
alternating quantities be represented by vectors in the usual way, 
the result is the vector equation 


Va + MVe 
= ———— 2 
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Considering this last equation, it is clear that the anode circuit 
of the valve is electrically equivalent to the simpler circuit 
illustrated in Fig. 68, and that to any circuit connected between 
the negative end of the filament and the anode the valve will 
behave as a source of potential of magnitude uv, with an internal 
resistance R,. Thus, the generating circuit illustrated in Fig. 
62 is electrically equivalent to the arrangement shown in Fig. 64. 


Va 
—————$<_or, 
Ta 
Ry BNg Re ~aM(wj -k)I 
Fia. 63. Fic. 64. 


If I and I, be vectors representing respectively the free oscilla- 
tion in the oscillatory circuit and the alternating component of 
the anode current, these vectors being of angular velocity w 
and damping coefficient k, then for the circuits C, R, L, C and 
Ra, R, L, R, 

I, 


| 1 
R,I, + {R + L(wj — k)}I = aV, (774) 
= — uM(o) — k)I, (775) 
so that 
ert! eee ee et Il uM 
(GC FCC So Cr omae 8) 
Substituting this in Eq. (773), 
(1+ =) 
eae Ll _ uM Ba 
| i kL +(R+ GR. ~ GE) + Gopcli=% 7 
ON 
ae: R+L_ 4M 
[@i — WL + ( CR, CR) ai 
na! : \y 0 (778) 
Gi etn = 


R + R,) 
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The oscillatory circuit is, therefore, effectively shown in Fig. 65. 
For such a circuit the natural damping coefficient is 


jain arg ge 
ia Yok, 7 ord) ae 
L 
“Chg c Wi 
R 
Fie. 65. 
and the natural frequency 5 where 
Pe So (780) 
ee Cs ars 
If, now, M be given the value ate”) then 
CRR,+ L — uM= 0, (781) 


1.e., k = 0, and undamped or continuous oscillations will be 


produced, their frequency being given by oe » where 


; 1 (782) 


LC(4 = ci) 


(6) 


As in the case considered in Par. 61, it can easily be shown that, when in 
the oscillating condition, the power consumed by the valve is diminished by 
an amount exactly equal to that consumed by the resistance of the oscillating 
circuit. The valve is thus an agent which receives power from its own 
anode battery and passes on a certain amount of it to the oscillatory circuit. 
It can further be shown that, on the assumption that the total anode 
current, 7.e., the fixed mean value plus the alternating component, does not 
fall below zero nor exceed the saturation value for the given valve, the maxi- 
mum power handed on by the valve to the oscillatory circuit is 50 per cent of 
that which it receives from the anode battery. 
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63. Free Oscillations in Coupled Circuits——1. Consider the 
magnetically coupled oscillatory circuits illustrated in Fig. 65, 
and assume that the currents 1; and 12 shown in the figure are the 
instantaneous values of the free oscillations proper to the circuits 
due to their own electrical constants and to the mutual induction 
M between them. Remembering that the true definition of a 
free oscillation is a current that requires no external source of 
e.m.f. to maintain it, then, since 1; and iz are free oscillations, the 


Fie. 66. 


sum of the back e.m.fs. due to them must be zero at every 
instant in the two closed circuits. Thus, for the first circuit 


E,, =F Ext =“ Eu el Ey = 0, (783) 
where E,,; is the vector which represents the instantaneous value 


of Ma z.e., the back e.m.f. induced in this circuit by the current 
ig flowing in the second circuit. 

Now it has been shown (Par. 31) that, if a vector equation of 
this type is to be true at every instant, the component vectors 
must all be of the same type as regards angular velocity and 

F dis 
decrement factor. Thus, the vector E,,;, which represents Mo 
must have the same angular velocity and the same decrement 


; ] 
factor as the vector E,;, which represents L ca It follows that 


dt 
the currents i; and 1, must be of the same frequency and the same 
decrement. It can, therefore, be said that, if free oscillations 
exist at all, they will be of the same frequency and the same 
decrement in each circuit. Taken together, therefore, the two 
circuits can be said to constitute a single electrical system. 
If the currents i, and ig be represented by the vectors I, and Ip, 
where 
Tiv = trem cos (ote a3) (784) 
and In-v = Ine ** cos (wt + ys), (785) 
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then for both circuits 
E, +E, +E,.+ Ey, = 0 (786) 


and, substituting for these vectors their expressions in terms of 
I, and I,, 


{La(oj — k) + Ri + ene site + M(oj — kb), = 0 (787) 


for the first circuit, and 


: ; 1 ; 
{La (GO) 5) Cale + M(j — k)l, = 0 (788) 
for the second. 
From the first of these 
I, = M(wj — k) (789) 
I, il 
Li(o] ky = Ri-+ rams Oe: ie; — k) 
and from the second 
1 
L —k 
Capes a5) (790) 
I; M(wj} — k) 
Therefore, 
, il : 
{Lalwj SND Maries Teo (Lalo) =k) Re 
1 ers PN 
Ga =a BWP ee 008 (79) 


Two further deductions can now be made. First, from Eq. 
(791) it appears that w and k are functions only of the electrical 
constants of the two circuits and of the mutual induction 
between them, and are thus independent of the amplitudes and 
the phases of the oscillations. Secondly, assuming that » and 
k can be obtained as known functions of the constants of the 
circuits, then Eq. (789) is of the form 


I, = (a + jb)lh, 


where a and b are constants for the given circuits. Thus, while 
the magnitudes and phases of the currents I, and I, willdepend 
on the initial conditions which produce the oscillation, the 
phase difference between I; and I, and the ratios of their ampli- 
tudes are constants for the given circuits. 
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Dividing Eq. (791) throughout by LiL, and putting 


Ae k; (792) 
at = ke (793) 
a =pi2 and w,? = p;? —k? (794) 
we = pe? and we? = pe”? — kp? (795) 


so that k, and ke are natural damping factors of the two circuits 
considered separately, and w; and w. are the natural free periods 
of the two circuits, the result is 
((O) Ec Zeek) Tor ae eri a a 
2ke(wj] — k) + (we? + ke?)} — w2(w} — k)* = 0. (797) 
This last, being a fourth-power equation in (w} — k), can be 
expressed as the product of two quadratic factors, which may be 
written in the form 
ACT 9) si PLC BN 9) ae RG a al <i) Cd Ge 
2k’ (w] — k) + (w’”? + k’’?)} = 0. (798) 
This equation will be satisfied if either of the two factors is 
zero. Equating the first to zero, 


(j=) ak (eo) — bye ek 20, (799) 


1.€., —w? + k? — 2kk’ + (wo? +k’) = 0 (800) 
and —2kw + 2k’w = 0. (801) 
Therefore, eek (802) 
@ = 42 (803) 

In a similar manner, by equating the second factor to zero, 
ko ky (804) 
1G (805) 

It appears, therefore, that any current 

i, = Tye *™ cos (wt + V1) (806) 


flowing in the first circuit will satisfy the necessary condition for 
a free oscillation, provided k = k’ and w = w’, or provided 
k = k” and w = w”, where k’ and w’ and k”’ and w’’ are the roots 
of the fourth-power Eq. (797). Moreover, since the sum of the 
back e.m.fs, due to either of these currents in the closed circuit 
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is zero, the sum of the back e.m.fs. due to both the currents 
flowing simultaneously will also be zero. The most general 
solution for i, is, therefore, the sum of two currents of frequencies 
w’ and w’’ with corresponding damping factors k’ and k”, 7.e., 
i = Tye" ™* cos (w't + yr’) + 117 ®t cos (wt + Wx”) (807) 
= I,’ Rasy: + ve PA (808) 
Further considering Eq. (789), 
alee ib) =e Di@j ke 2kilol jk) (er kr) 


M (0'j mes k’) (809) 
is the relation between I,’ and I,’ and, similarly, 
al in bl" me Li (w!7j = kk”)? + 2ki(w!j noe ee) ab (wi? +ky’) (810) 


M (oj — ”) 
is the relation between I,” and I,’’, so that the currents in the 
second circuit are given by 

ig = (a’ + jb’)Iy’- v + (a” + jb”)I”-v (811) 
or, in scalar form, 


ie eo “cos ety! Oe Tle * 


cos (wt + yx” + 0”), (812) 
where a! ibe = tet (813) 
and beetle | (814) 


For the complete expression of the general solution in terms 
of the electrical constants of the circuits it would be necessary 
to solve the fourth-power Eq. (797). The solution of this 
equation is, however, a matter of considerable difficulty, and is 
beyond the scope of this book. For the full discussion of the 
general case the reader is referred to “Electric Oscillations and 
Electric Waves,” by G. W. Pierce. There are, however, certain 
special cases which yield a comparatively simple solution. 

2. Special Cases.—(a) Circuits of Negligible Damping.—If 
k, = ke = 0, Eq. (797) becomes 


(—w? + w1?)(—w? + wo?) — wot = 0, (815) 

1.€., (w? — wy?)(w? — we?) — wot = 0 (816) 
ek bea ee) 817 

or a) ae Eee 0 (817) 


Therefore, feet a 
ee ae Se eis) 
Ze) 


a)? 
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1.€., 
Aves, Cuesta) gave . a ret HONE ii) 
and 
ie Crapo ae, > [eas AL = Ware? (goq) 
Also, from Eq. (809) 
(a’ + jb’) = = ee (821) 
= a OF atu (822) 
Therefore, bo =-0 (823) 
and al = = oS a, (824) 
Similarly, from Eq. (809) 
bh =0 (825) 
a = = ee (826) 
Or, alternatively from Eq. (790), 
b” =0 (827) 
a goes (828) 


“Le a os 

It appears, therefore, that, when the damping of the circuits is 
negligible, each oscillation in the first circuit is either in phase or 
in antiphase with the corresponding oscillation in the second 
circuit. To discriminate between these possibilities, the rela- 
tive magnitudes of the four quantities w’, w1, w’’, w. must be 
considered, remembering that the limits of u are 0 and 1. 

For »’ and w, there is no difficulty, since Eq. (819) shows that 
the lower limit of w’ is w; when » = 0, and that the upper limit 
is © when 4» = 1. Therefore w’ is either equal to or greater 
than w,, so that a’ is either zero or negative. The two oscilla- 


if 
) 


tions of frequency oe are thus always in antiphase with each other. 
t 
Considering the oscillations of frequency e » however, it is 


found that, while the limit of w’’ when » = 0 is we, the other limit 
corresponding to » = 1 appears to be indeterminate. The limit 
must, therefore, be found by the usual method of differentiating 
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the top and the bottom of the expression for w”’, 7.e., Eq. (820) 
and then inserting the limiting value of yu, 7.e., 


It: a!’ a rt ; @12w9? 29 
w=l1 ae 1 V (wx? ery?) — AC =e eae? (829) 
2 
ea erase et al : 
We pm. (830) 


Thus the limiting value of w”’ is less than w.: Therefore w’’ 


is always either equal to or less than we. It follows from Eq. 
(828) that a’’ is either infinite or positive. The oscillations of 
this frequency are, therefore, always in phase. 

(6) Isochronous Circuits of Negligible Damping.—If in, addi- 
tion to the condition 


k, = kz = 0, (831) 
it is true that Pi = Pe = Po, (832) 
which also implies 1 = We = wo, (833) 
2 + 2 
then from Eq. (818) w? = Sue a (834) 
Bete ees 2 (835) 
1 i 
1 
and tt ete 9”. (836) 
Further, a and b have the values 
ee a ahs = 
Be Sea ime b’ = 0 (837) 
Ve li ahd A. Li 1A kins a 
ae a Vi = ie be == 0: (838) 


As in the previous case, therefore, the oscillations of frequency 
Ié aA 


Ss are always in antiphase and those of frequency = are always 
T 


in phase with each other. 
(c) Isochronous Circuits of Equal Damping.—This is another 
interesting special case. The conditions are 


k; = ky = ko (839) 
Pe = p= po (840) 
@1 = Wo = Wo. (841) 


Inserting these in Eq. (797), 
(1 + w)(wj — k)? + 2ko(w) — k) + (wo? +ko?) = 0 (842) 
(1 + w)(— w? + k*) — 2kko + (wo? + ko?) = 0 (848) 
and (1 + p)20k — 2k) = 0. 
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k 
Therefore, k= ness (844) 
and (1 + w)(—w? +k?) — 2k?(1 + w) + (wo? + ko?) = 0, = (845) 
ORD wo? + ko? = (1 + w)(w? + k?). (846) 
It is interesting to note that if 
(CaN 18 (847) 
then b= ae ae : (848) 
i.e. Ey en aha (849) 
(1 — u) 
2 
ee ey 


which can be compared with the corresponding result for w’ 
and w’’ in terms of w» in isochronous circuits of negligible damp- 
ing. The results are, however, more conveniently stated in the 
form 


ee: ay (851) 
k= i (852) 

2 -2 
iene oer: oy 

2 2 
ot ren eR vi 

For the determination of a and b 

Pataca a (ol =k) ear eee (wo? + ko?) (855) 


Operating on the numerator and the denominator with (wj + k) 
and putting w? + k? = p?, wo? + ko? = po’, 


int awe 2 7 2 7 ~\2 
ioe a Ii Pies 2kko Po” tes 
a yp de ee eee 0) | (857) 
L Po” 
and b= i ( Bn ee = Qkew ). (858) 


Substituting in these expressions the values of p and k in terms 
of po and ko derived from Eqs. (851) to (854) 
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Westen 2k? (1 +») 
a wk pany be 
(Pegs Spee Seki) 
GEERT On) aan | Cay 
Els 2 
Sore es) —) 
=i me 
a i1- Fa (861) 
ype cali eae is rE 
a aa Vi, (cf. Eq. (837)) (862) 
Nig cee ay ere ae (cf. Eq. (838)) (863) 
M its 
Also, Odes 1 oko (864) 
s (865) 
WW) Sa? Sa (866) 


Thus, the interesting result is that the ratios of the correspond- 
ing oscillations in the two circuits are the same whether the 
damping is negligible or not, provided the damping is the same 
in the two circuits. 

3. The Amplitude and the Phase of the Oscillations.—As in the 
free oscillation of a single oscillatory circuit, the amplitudes and 
the phases of the oscillations under consideration will depend on 
the nature of the disturbances which give rise to them. There 
are, in general, four unknown constants to be determined, 
1’, 1”, W’, and ¥’’.. Four boundary conditions will, therefore, be 
required, the substitution of which in the general solution will 
give four equations to be solved simultaneously. In the general 
case this is a quite straightforward but rather lengthy process. 
The method will, therefore, be illustrated by the analysis of the 
simpler special case of isochronous circuits of equal damping, the 
condensers of which are charged to potentials v; and v2 by means 
of some source of continuous potential in series with the circuits, 
which sources are removed instantaneously or short-circuited 
at the instant t = 0. 

The boundary conditions in this case will, therefore, be 


i; = 0 whent = 0 (867) 
ic = 0 whent = 0 (868) 
@.1 = Vi whent = 0 (869) 
@.2 = Ve whent = 0 (870) 
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€o1 and e,2 being the potential differences across the condensers 


C, and Cy respectively. 
Stating the general solution in the form 


= (’ +1”)-» 


ip = {(a’ a 1b = ar ue jb’)1’’}- “¢ 


where 
V-v = [’e-** cos (w’t + y) 
I’ -y = 1%e** cos Ww't + p”) 


the results for the special case under consideration are 


ko 

Uae ee 
Cs) 

Ka _k 
(1 + 4) 
Pon 
. (1 — jx) 
RLY Po” s 
y (1 + p) 


where 


The general solution, therefore, takes the form 
Wy = ee Ie y 
ig = a/(I’ — I”) - y, 

For e,; the form is 


‘ nae Y’ ee DEM ; | 
cl Ci(o'j r= k’) Cio"j ae kr’) Ooh 
of th yy ei tk", 
= coe ee al | 
41-4 (eal + goal 
since 
k’ a Kiger 
De sD Pie 
Similarly, e.2 is given by 
ae vt 
oe a Ko ee I”). v+a ce ie G apni”). 


At ie eee: t = 0, 


l’-y=T1' cosy’ 
Y= y = 1"ees 0? 
jl “y= —]’ sin yp’ 
fl’ y= = 1" sin”. 


(871) 
(872) 


(873) 
(874) 


(875) 
(876) 
(877) 


(878) 


(879) 


(880) 
(881) 


(882) 
(883) 


(884) 


(885) 


(886) 


(887) 
(888) 
(889) 
(890) 
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Inserting the first two boundary conditions in Eqs. (871) and 


(872), 
1’ cos ¥’ + I” cos y” = 0 
_a/(I’ cos py’ — I” cos wy”) = 0. 
Therefore, 1’ cos Y = I” cosy” = 0. 


(891) 
(892) 
(893) 


Inserting this result and the second two boundary conditions 


in Eqs. (884) and (886), 


/ Mt 
(63) : (2) ° 
pal sin py’ + pat” sin y” = —Civi 


4 


/ 
of I’ sin y' = ol” sin vy” = —Coeve. 
1 
Therefore, I’ sin y’ = —P (Cw: as ae 
‘ 12 C Vv 
Le sin y” =a —2( Civ: a 2). 


The complete solution, therefore, takes the form 


12 
P>( Civ: + “5 kt sin Ou + 


i 


re 

a Cove IB ot 

2F-(Cwi + ——)e—*'* sin w’t — 
w a 


l| 


a’ = — fla 
NVI. 
w/? = Po” — Ko? 
Chay cha) 
AL Po” ko” 
GUE) ar Lier)” 
py LAG 
Pe =) 
12, __Po* 
Z (1+ pz) 
ko 
k! = ——_. 
(leit) 
[Re = ko 


(894) 
(895) 
(896) 


(897) 


(898) 


(899) 


(900) 
(901) 
(902) 
(903) 
(904) 
(905) 


(906) 
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1 ik 
Yaa asta. Ree shih 
where Po L5G. 1s; (907) 
2 ie IR: 
Opie, in oe 
poe aie, 


(a) The Conditions for Oscillations of One Frequency Only.— 
In each circuit the amplitude of the oscillation of the higher 
frequency, corresponding to w’, is proportional to 


Civi — Grate 
1 


Similarly, the amplitude of the lower-frequency oscillation is 
proportional to 


ibe 
Civi + Gee 


Now v; and vz may be of the same or of opposite signs. It should 
be noted that the sign convention implied throughout the whole 
of this analysis is that currents of the same sign will produce 
magnetic fluxes of the same direction in the two inductances. 
It is for this reason that the oscillations which are in phase with 
each other correspond to the lower frequency. The potentials vi 
and v2 will be reckoned to be of the same or of opposite sign in 
accordance with this same convention. If they are of the same 
sign, then clearly the amplitude of the higher frequency oscilla- 
tion may be reduced to zero by making 


ee ee 
i = 2V9 == ¥ ie) 
Civ, C JENS (9 10) 
This condition is equivalent to 
ViCr: VCrvi = \/L3C3* \/Crv2 (911) 
or Civi? = Cove?. (912) 


Thus, if the condensers are charged in the same direction with 
equal quantities of energy, only one oscillation will be produced, 
that having the lower frequency. 

Similarly, if the condensers are charged in opposite directions 
with the same amount of energy, 


Civi + Cie = 0) (913) 
41 


and only the higher-frequency oscillation will result. 
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(b) An interesting dynamical analogy of the electrical system 
under consideration is the well-known case of the sympathetic 
pendulums, illustrated in Fig. 67. 


a= Strings 
b= Weights 


Fig. 67. 


If both pendulums are displaced to the same extent in the same direction 
and then let go, they will continue to swing in unison with a single-constant 
frequency, their amplitudes diminishing together, owing to the dissipative 
frictional forces of the system. ‘This corresponds to the case in which the 
condensers of the electrical system are charged with equal quantities of 
energy in the same direction. If the pendulums are displaced an equal 
extent in opposite directions, they will continue to swing in antiphase with 
each other with a single-constant frequency. This corresponds to the case 
in which the condensers are charged with opposite potentials. Moreover, 
with the pendulums it will be found that the frequency in the second case is 
higher than that in the first, which, again, is in agreement with the electrical 
analogy. 

If, now, the pendulums are displaced in either the same or opposite direc- 
tions with unequal amplitudes, or if only one pendulum is displaced, the 
succession of events will be quite different. It will be found that the swing 
of the pendulum which was given the larger displacement will gradually 
diminish, while the amplitude of the other pendulum gradually increases 
until the former is apparently stationary or at least is swinging with a small 
amplitude, while the latter is swinging vigorously. Then the stationary 
one will commence to build up an oscillation, while the movement of 
the other dies down until the conditions of the two have been reversed. The 
process will continue till both pendulums have come to rest, owing to the 
mechanical decrements of the oscillations. 

It will be interesting to see if this process can also be deduced from the 
equations of the electrical analogy. For this purpose it will be convenient 
to simplify the expressions still further by assuming the damping to be 
negligible, in which case, since p’ = w’ and p” = w”, 


i, = p'(Ows — Cavin f-*) sin p’t 


+ p"(Gw: F Cie) sin pt (914) 
1 
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~ = Ef »(cuvi— caveafB) sn 9 
= -\V ej P' (cw Cove i sin p’t 


Sail Gem ++ Caviar") sin pr | (915) 
1 


i 


to 


ry 


or, in terms of po and u, 


eee IEE ae Fe Vi) Or ee ate 
2 ee No mee) Lae 


Elie ioe 
+ Jr ( + Cwvinft*) sin Pat: a hi (916) 
Ly ee. —— 1 Ser a! i) } a es 
= Al Trice =(Cwv; Cove ti sin Poy =< 


ee Ciwi+cC Ve) in wa} (917) 
Vine = ONT 6/1 


The oscillations of the first circuit can be written 


ey 


i, = Asin p’t + Bsin p”t (918) 
A (sin p’t + sin p’’t) + (B — A) sin p”t (919) 


2A cos (p’ — p”) ; sin (p’ + p's + (B — A) sin p’t. (920) 


Il 


Thus the oscillations can be considered to consist of a constant term (B — 
A) sin p’’t, the amplitude of which will, in general, be small and will actually 
be zero if B = A, 7.e., if v2 = 0, together with an oscillation of frequency 


, ” 1 ; 4 : Po eh : 
x - ee ies the amplitude of which is 2A cos pt, i.e., the amplitude 


pe hs ee 
fluctuates between 2A and zero Sag times a second. 


In a precisely similar manner the oscillations in the second circuit can be 
represented by 


/ pa vt / tt 
ry Ss DUN sin? 5 Pt cos® am t — (B — A) sin pt, (921) 


which are seen to be of exactly the same character as those in the first circuit. 
Moreover, when the amplitude of the main oscillation is zero in the first 
circuit it is a maximum in the second, and vice versa. The behavior of the 
electrical system is, in fact, strictly analogous with that of the sympathetic 
pendulums. 

This phenomenon is well known in wireless stations transmitting damped 
wave trains. In these cases the aerial constitutes the second circuit, damped 
wave trains being generated in another circuit to which it is coupled induc- 
tively. If this coupling is made too close, energy surges backwards and 
forwards between the aerial and the generating circuit, and two wave lengths 
are transmitted by the aerial. It is for this reason that the quenched-spark 
system was introduced, the object being to prevent the return of energy to 
the generating circuit from the aerial, at the same time making use of the 
advantages of a fairly close coupling. 


DAMPED ELECTRIC OSCILLATIONS Ly: 


EXAMPLES 


- Draw the locus of the end of the vector representing the damped electric 
oscillation 


i = 10e—*/5 cog x t. 
. A damped electric oscillation is represented by the vector 
i Iye7 *t 
rotating with constant angular velocity w. Find the ratio between the 
vectors representing the oscillation 


(a) At any two instants separated by a time interval 5 i.e., one-half of 


a period. 
(b) At any two instants separated by a time interval T. 
- A damped electric oscillation 
i = 107%e~ 1% eos 100t amperes 
represented at the instant t = 0 by the vector 107° y flows through: 
(a) A pure resistance of 10 ohms. 
(b) A pure inductance of 1 millihenry. 
(c) A pure capacity of 5 microfarads. 
Find the expressions for the back e.m.fs. produced across the conductors 
(1) in vector form, at the instant t = 0, (2) in scalar form at time t. 
. Express in scalar form the instantaneous value of the rate of change of 
energy associated with the three conductors specified in Example 3. 
. An e.m.f. represented by 


e = Kye kt cos (at + 4) 


is applied to the plates of a condenser of capacity C. 

(a) Find the scalar expression for the instantaneous value of the rate of 
change of energy associated with the condenser. 

(b) Show, by integration, that the total change of energy from t = 0 to 
t = © is zero. 

. A closed circuit consists of a pure resistance of 10 ohms in series with a 

pure inductance of 5 millihenries in series with a pure capacity of 1,000 

micro-microfarads. A continuous potential difference of 10 volts is main- 

tained across the plates of the condenser. Find the complete scalar 

expression for the free oscillation which takes place when the source of 

continuous potential difference is suddenly removed. 


ANSWERS TO EXAMPLES 


7e 
e : Ty _ Ee 
tts 
It he kr. 
(0) It +7 ua ‘ 


Ml) (@) —10 -y. hokey 
(b) 100.5 X 10° °« 7 y. 
(cgay. 
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(2) (a) —10 76. + cos 100t. 
(b) 100.5 X 107 °e 1% cos (100t — 84° 18’). 
(c) 1.99e 1° cos (100t + 84° 18’). 
4, @—5x< 102 ac) al — cos 200t) watts. 
(b) 5.025 X 107% *°*{ .099 + cos (200¢ — 84° 18’) } watts. 
(c) .995 X 107° °°*{ .099 + cos (200t + 84° 18’) } watts. 
B. (a) eee, 4 KCE0® —2Kt wCBo? —2kt 


cos 2wt + sin 2ut. 


2 2 
(b) Integration. 
one | —k k2 w? 0 


2 2k T 22 =p ee) oe a) 
6. «(cos 4.47 X 105 + .0021 sin 4.47 X 10't). 


CHAPTER VII 


THE APPLICATION OF VECTOR ANALYSIS TO THE 
THEORY OF ALTERNATING CURRENTS OF IRREGU- 
LAR WAVE SHAPE 


64. Alternating Currents in Practice.—Up to this point only 
those alternating currents of constant amplitude have been 
considered which can be represented in scalar form by an equation 
of the type 

i = I cos (wt + 8) (922) 


and in vector form by a vector I of constant magnitude [ rotating 
with uniform angular velocity w relative to a fixed unit vector 
of reference v. 

Alternating currents of this simple type are the ideal of alter- 
nating-current engineering, and modern practice tends more and 
more to their realization. It is, nevertheless, probably true 
that this ideal wave form is still the exception rather than the 
rule. Even where e.m.fs. of pure sine-wave form are obtained, 
certain conditions, for instance, inductive loads including 
magnetic circuits in iron, will result in a distorted wave form 
for the currents produced by them. 

For the theoretical discussion of alternating currents and 
potentials the wave forms of which differ appreciably from that 
of the simple sine curve, the methods already described will 
prove inadequate, and, in order to deal with such cases, it will be 
necessary to reconsider them in relation to the general type of 
alternating current represented in scalar form by an equation 
of the type 

i= T(t); (923) 


where f(t) is any finite and single-valued function of time of a 
periodic character, 7.e., f(t) is such that for all values of t 


f(t) =f@-+ T), (924) 
T being the period of the function. 
For the present discussion it will be preferable to restrict the 


analysis to currents which are truly alternating, in the sense that 
119 
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they contain no component which is not of a periodic character, 
i.e., no constant component. This characteristic is expressed 
mathematically by the condition that the average value of the 
function over a period is zero, 7.€., 


If fe F(\dt =O. (925) 
ie 


A typical example of such a function is illustrated graphically 
in Fig. 68. 


—— Uae ania ee >| 


| 


t{— 


Fie. 68. 


65. The Vectorial Representation of the General Type of 
Alternating Current.—The simplifications introduced into the 
theoretical discussion of alternating currents of pure sine-wave 
form by the use of vectors depend largely on the simple character 
of the vectorial expressions involved. In dealing with alter- 
nating currents of general wave shape, this simplicity is no longer 
available. It is, in fact, arguable whether the vectorial method 
has, in the general case, any great advantage over the ordinary 
scalar analysis. It is, however, at least as effective as the latter, 
and for the student who has familiarized himself with the vec- 
torial method it will have the advantage of bringing the general 
case into line with the simple special case of the pure sine wave. 
It has, moreover, the great advantage of compactness, a charac- 
teristic which will prove of considerable value in the discussion 
of polyphase systems of general wave form. 

The vectorial representation of alternating currents of general 
wave form depends on Fourier’s theorem, which, so far as the 
present subject is concerned, states that any periodic function 
of the type described in Par. 64 can be expressed as the sum of an 
infinite series of simple cosine terms as shown in Eq. (926). 
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P= 1f(t)e= It cos (ot 6y)--4- ty Cos (Qwt + O2) + 
I; cos (3wt + 63) 
+... .+1,-¢os Got + 6,) + 
. ete., etc. ad inf. (926) 


n= 


= > 1, cos (not + 4) (927) 
n=] 
2 
where = ie (928) 


In the above, I, cos (nwt + 6,) is known as the n“ harmonic, 
I being its amplitude and 6, its phase at the instant t = 0. 

The first term I, cos (wt + 6) is known as the fundamental. 

Each of the individual members of the above series can be 
regarded as an alternating current of pure sine-wave form, and 
can, therefore, be represented by a rotating vector I, of constant 
magnitude f, and uniform angular velocity nw, making an angle 
#, with the unit vector v at the instant t = 0, 7.e., 


i, = 1,: = I, cos (not + 8,) (929) 
so that Eq. (926) may be written: 
i= DivHhLevth.vth.vt... th.vt 
n=1 

. ete., etc. ad inf. (930) 
= U7 lois 2. 2. +14 © « ete. ete: ad inf:) -¥ 
(931) 
aly, (932) 
where I = > ie. (933) 


Thus the alternating current of instantaneous value i can be 
represented as the scalar product with v of the vector I defined 
in accordance with Eqs. (929) to (933). 

It is clear that the vector I so defined will not in general be 
uniform in angular velocity nor constant in magnitude. Its 
magnitude and velocity will, however, be periodic functions of 
time, so that it can be described as a periodic vector. 

Fourier’s theorem has thus a vectorial form of expression, in which the 
periodic vector I is represented as the sum of an infinite number of 
rotating vectors of constant magnitude and uniform angular velocity. 

66. Vectorial Expression for the Magnitudes of the Harmon- 
ics.—Let v, be a unit vector coincident with y at the instant t = 
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0, and rotating with uniform angular velocity nw, n being any 
positive integer. Then, if I, be the vector representing the 
m‘” harmonic of I, 


Ln’ ¥n = 1, cos {(m — n)wt + Om} (934) 
and, since (m — n) is a whole number, 


af (I ? v,)dt = om ih hs cos (m = n)wt + 6m}d We (935) 


On the other hand, for i vector I,, 


li: v, = 1, cos 4, (936) 

therefore if (Ine va)ldt — Ie cos Oy. (937) 
Considering now the equation 

ve S te (938) 


n=1 


the result of taking the scalar product of both sides with v, is 


I-y, = On) “Vn5 


n=1 
ip te) iy py oes 
therefore, af I -vadt- = af oO 1.) - vadt (939) 
= J, cos Ox 


since, as shown above, the whole of the remaining terms vanish. 
sae by taking the scalar product with jvy, 


ae (I-jva)dt = 1, sin @,. (940) 

From the two equations 
[costes z i Tae (941) 
i ge al cause (942) 


it is, of course, a simple matter to determine both I, and 0, 7.e., 
to determine the vector I, completely. 


It is of interest to compare the foregoing expressions with the correspond- 
ing results in scalar terms, 7.e., with the well-known equations: 


In cos On = af, te) cos Nwt dt (943) 


: Pa bess ; 
In sin On = a, f(t) sin nwt dt. (944) 


THE APPLICATION OF VECTOR ANALYSIS 


If I be of magnitude I and slope 0 
f(t) =I-» =1 cose 


also I- vy = 1 cos (6 — not) 
= 1 cos 6 cos nwt +1 sin 6 sin not. 
Now, since ‘ I-» =I cos 0 
n=0 


ll 
3 
< 


> In cos (not + On), 


n= 


then I sin 6 =I - jy. 
1 SES 

Therefore, {sin 6 = > (In jv) 
n=1 
n=0 

= > T, sin (net + Gays 
n=1 
h Pte (emda 
so that af, (I-vn)dt = a, (1 cos @ cos nwt)dt 


1 (tee : 
a af, (I sin 6 sin nwt)dt 


1 >: 
= = n COs (nwt + On) } cos nwt dt 
tf, > 3 


1 | 
Now it is easy to verify 
n 


“| 
C0 kines 


Therefore, finally, 


b> 


In sin Mot + 00) sin not dt. 
1 


B 
Il 


ct 

32) 
2 
t+ 


ll 
8 


—> 


n cos (nwt + On) | cos Det dt 


{I 
a 


oo} 


Tn sin (not + On) sn Not dt. 


ll 
il —_ 
~~ 
5 
Seg 
I I 


1 


( 
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(945) 
(946) 
(947) 


(948) 


(949) 


(950) 


(951) 


(952) 


(953) 


(954) 


(955) 


r Dae (gee Oo 
iL (I-vn)dt = a | >» In cos (nwt + On) } cos nwt dt (956) 
TY]o Tyo aay 


2 Tv 
= af, {f(t)} cos nwt dt, 
0 


(957) 


so that the expression for I, cos 6n in vectorial terms is proved to be identical 


with its usual form of expression in scalar terms. 


67. General Alternating Currents Containing Odd Harmonics 
Only.—In a half a period the vector I, which represents the 
fundamental will rotate through 180°. Similarly, the vector I, 
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which represents the n™ harmonic will in the same time rotate 
through n times 180°, or nz radians. In other words, if the Nes 
harmonic be represented at the instant t by the vector I,, it will 


; a 
be represented at the instant (t + 3) by the vector (—1)*I,. 


Phusyat 
Te) = Ui +13 +15 + etc.) + de +1, +16 + etc.) (958) 


ar 
be the vector I at the instant t, at the instant (t =F 5) 
42) = —(1,+1,+1, + etc.) + d. +1L,+ 1s + etc.) (959) 


Therefore, 
le, 4. Tea) => 2(I»p + I, a I; - Vhs + etc.). (960) 


If, therefore, the wave contains no even harmonics, 


Iu) = ice (961) 

and Iyy-v = ae ay (962) 
or, in scalar form, 

f(t) = f(t + sy (963) 


A function of this type is illustrated in Fig. 69. In practice, 
the majority of alternating currents are of this type, and contain 


Rete ao T -----=-==+5- >| 


t ———_> 


Fig. 69. 


only odd harmonics, since this is the type of wave produced by 
ordinary generators. Currents containing even harmonics as 
well are, however, occasionally met, as, for instance, in some cases 
of arc or valve generation. 
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68. The Application of Kirchhoff’s Laws to Vectors Repre- 
senting Alternating Currents and Potentials of General Wave 
Form.—It was shown in Par. 34 that Kirchhoff’s first and 
second laws could be applied to vectors representing alternating 
currents and potentials of pure sine-wave form. The proof given 
required only that the vectors correctly represented by their 
scalar products with the fixed unit vector of reference, v, the 
instantaneous values of the currents and potentials concerned. 
Since this condition is fulfilled by the vectors which represent 
alternating currents and potentials of general wave form, the 
same proof will apply, and will, therefore, not be restated here. 
In the present case, however, a further deduction can be made 
which will prove of considerable practical importance. 

Consider the case in which r conductors, numbered 1 to r 
for reference, meet at a point in a network, the currents in the 
conductors being represented by the vectors Ii), Iv), Ics), ete., 
ete., up to TQ): 

Applying Kirchhoff’s first law to the point, 


lease ley ley 2s Igy = 0. (964) 


Assuming each of these vectors to represent a current of general 
wave form, then 


n=0 


la = Dla (965) 


n=1 
n=© 


Ste, =" Sle (966) 
n—l 


n=© 


(3) — lon (967) 


n=1 


CUCneUCs 


Equation (964) can, therefore, be written 


Slo» ae See + Sie )n s 6 6 FP Dale = ((). (968) 
=1 n=1 n=1 n=l 
Now let 
Ware a Tan rae Ten ce I(3)n or OO 9 ae Lee (969) 


COI 
, In i8 the sum of all the currents of frequency On be of 


all the n‘® harmonics of the various currents. 
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Equation (964) becomes 


Tenn tle tles t+... tleoat . . .= d Ten (970) 
=s.(). (971) 
Taking the scalar product of Eq. (970) with v,, where v, 


is a unit vector coincident with v at the instant t = 0, and rotat- 
ing with uniform angular velocity nw, then 


To)1 on Ae Iis)2 “Vn a Iis)3 Naa Sie a ec : 
eT ie oh ce an) 


Therefore, 

all : arth fa : act fc 3 va)dt 

T 6 (s)1 ° Yn)C T F (s)2 ° Yn T (s)3 ° Yn S 5 6 
1 T 


But, as shown in Par. 67, the whole of the above integrals vanish 


separately except wl, (ee nat. tt 
0 


Ign ¥ = te cos (nwt + 46)n) (974) 
then for this integral 
1 Ma 

TE (I(s)n : vn) dt = es cos Ge yne (975) 


Therefore, since the whole series equals zero, and ail the integrals 
vanish separately except this one, 


Teen C08 On = O. (976) 


Similarly, by taking the scalar product with jv, it can be shown 
that 


Tn Sin Og), = 0. (977) 

Te: Ten 0 (978) 
and 4), is indeterminate. Therefore, 

Ten = 0. (979) 


Since n is any positive integer, this result holds for all values of n, 
v.e., for all the harmonies. Thus, if 


Iis)1 +- Iis)2 4 Is)3 + lec caes + es a ey ee, 0, (980) 
then Te = Tee =Ie3 =... =I6¢n = 0. (981) 
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In other words, if 


oe los lag... te ley 
= yl, te DI. 35 ites ae ao oo => Digs (982) 
n=1 n=1 n=1 
= 10). (983) 
Then Tan ae Ton aie I(3)n ee ~~ ce Bi Ten = 0 (984) 


for all values of n. 

Thus Kirchhoff’s first law can be applied not only to the total 
currents 1(1), 12), Ics), etc., but 2t also applies to each group of currents 
of the same frequency considered separately. 

By a process exactly similar to the above it can be shown that 
the same result holds good for Kirchhoff’s second law. 

It appears, therefore, that in networks carrying alternating 
currents of general wave form each harmonic behaves as if it were 
entirely alone and can be considered separately. The total results 
can then be obtained by the summation of all the separate harmonics. 

69. General Wave Form Impedances.—1. Considering the 
circuit shown in Fig. 29 and using the same notation as in Par. 35: 


E+ Eq = 0. (985) 

Therefore, from Par. 68 
E, + E@yn = 0 (986) 
and, since E@jn = —Rlq), (987) 
then Eee. (988) 
Therefore, E = RI (989) 
or I= * (990) 


For a pure resistance, therefore, the current vector is a simple 
lie : : 
multiple; times the potential vector and is, therefore, of the 


same character. In other words, the current can be expressed 
in terms of the e.m.f. taken as a whole, and is of the same wave 
form. 

2. Inductance.—Referring to Fig. 31, 


En) ata Eqn = 0 (991) 
and, since Eqn = —jJnoLl,, (992) 
then De > preg bl ee (993) 
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1 
Therefore, In = nan E: (994) 
= 
I= —— En. 995 
and De aes (995) 
n=1 


In this case, therefore, I and E will not be of the same wave 
shape, and I cannot be expressed as the result of any simple 
operation on E. It should be noted that - 


In _ Job En _ Es. 
I, = jnwL E, = n E, 


(996) 


Thus the ratio between the nth harmonic of the current and 


1 ; 
the fundamental is only rik of the ratio of the corresponding 


terms of the e.m.f., 7.e., the wave form of the-current will be much 
less distorted than that of the e.m.f. 

3. Capacity—Referring to Fig. 33, it can be shown, in a similar 
manner to the above, that 

I= > jnoCE,, (997) 
n=1 

and, as in the case of the inductance, the current cannot. 
be expressed in terms of E. 

It should be noted for comparison with the inductive circuit 
of Fig. 31 that 


In jnwC En En 
i oa arian ee ve 
so that the ratio of the nth harmonic of the current to the funda- 
mental is n times that of the corresponding terms of the e.m.f. 
In other words, the current through a capacity load will be of 
much more distorted wave form than the e.m_f. 
4. General Impedance.—In general, for the circuit shown in 
Fig. 70, in which z is an impedance whose value at a frequency 


a 1.e., at the frequency of the nth harmonic, is (Ry + }X,). 


n= © 


1 
r= oy Ret jx, E- (999) 


n=l 


Taking as an example 
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1 


. 1 
Xx = nw, a ne. (1001) 
if for the nth harmonic 
1 
nwL — OG! = 0, (1002) 
Dea OU m (1003) 
then By SS Ren (1004) 
En 
and I, = Re (1005) 


If R, is small, this harmonic may reach a considerable value. 
In alternating currents of general wave form there is always the 
possibility that one or more of the harmonics may be magnified 
by resonance in this way. 

70. Power Equations with the General Wave Form.—Con- 
sider the case illustrated in Fig. 70, where z is a general impedance 


ee ee 


Bre. 70k 


of the type (R, + jX), its value corresponding to the frequency 
2 being (R, + jX,). If 
2 


© n = © 


fi 1, cos (net o,) (1006) 
n=1 n=1 

ae Vx = > Vv, cos (nt + ¢,) (1007) 
n=1 n=1 


be respectively the current flowing through the impedance and 
the fall of potential across its terminals, the instantaneous rate 
of energy consumption in the impedance is 
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p = iv (1008) 


I Sse cos (nwt + On) } Hi Vn cos (nwt + ¢n)} (1009) 


( n=1 


= pinks cos (mwt + An) cos (nwt + ¢n), (1010) 


the summation including every possible combination of +ve 
integral values of m and n. 


p= aN COs (mn — n)wt (Oa — dn) (1011) 


+ ee cos | (an + n)wt + (0m + on) | (1012) 
The first of these summations can be put in the form 


ye cos | (mn = ie Che on) | = Sa (1013) 
RAV: 
ae 

Comparing Eq. (1011) with the general expression for the product 
of two scalar products given in Par. 32, it is seen that the 
second summation must be the instantaneous value of Wy, 


(1014) 


a making with v an angle 


equal to the sum of the angles made by I and V with y, 7.e., 


Uay (1015) 


W being a vector of magnitude 


p= 
where, by reference to Eq. canes W is seen to be a periodic 
vector containing no constant term, no fundamental term, and, 
in general, all the harmonics from the second onwards. 

In the more usual practical case in which I and V contain odd 
harmonics only, W will only contain harmonics of order 2, 4, 6, 8, 
etc., etc. 

Mean Power.—For the mean value of the power over a period, 


Panfpa-a f° ae of, © v)dt (1016) 


and, since W has no constant component, 


pe tho Loy, -of, (L- V)dt. (1017) 


The expression for the mean power is, therefore, essentially 
the same as that which applies to pure sine-wave currents and 
potentials. For the mean value of I: V 
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n=o 


IBV el Vat la Va (1018) 
n=1 


the second summation including all possible combinations of 
+ve integral values of m and n except m =n. For a typical 
term of this second summation, 
WeiVa= I Viecos. (me noth + (6, —6,)) (1019) 
Since (m — n) isa whole number, the mean value of I,, - V,, over 
a period is zero. Of the first summation, however, every term is 
a constant, for - 
I,° Vn = 1:Vn COS (6p — $5). (1020) 
Thus, the mean value of the first summation of Eq. (1018) is 


>, In: V,, so that 


[SE Ge (1021) 
n=1 


This is in accordance with the conclusion reached in Par. 68, 
namely, that 7n considering alternating currents and potentials 
of general wave form each harmonic can be taken separately and 
the total result obtained by the summation of the separate results 
for the individual harmonics. 

For the relation between the above expression and the value 
of the impedance 


Vi = 12.: (1022) 
Therefore, 
Pe Gaels) (1023) 
n=l 
n=1 
ep el) (1025) 
n=1 
= Oe Rule (1026) 
n=1 
If R, is const., and of magnitude R, then, putting 
I, = root-mean-square value of i, (1027) 
le 
= 1028 
/2 (1028) 
P =R >, 1,7 (1029) 
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Expressing the same result in terms of V, 


P => ; Shee Wir (1030) 
n=1 ‘ 
il oe eb eee exon 
=5 Dz ae Vn Va (1031) 
n=1 
ke) eae 
=. 3 Reese elQa2) 
n=1 
. Ra 
a cea (1033) 


n= 1 
where V,, is the root-mean-square value of v,, the nth harmonic 
of v. 
It should be noted that the quantities involved in the above two 
expressions for the mean power in terms of the impedance are 


Ss I,? and pa V,” respectively, and that these are quite inde- 
n= 1 n=1 
pendent of the phase relationships between the harmonics and the 
fundamental. Thus, as far as the power consumed in the imped- 


n= oo 
ance z is concerned, the two currents » 1, cos (nwt + 6,) and 
n=1 


»2 T,, cos nwt are identical. 
n= 1 
71. The Root-mean-square Value of Alternating Currents and 
Potentials of General Wave Form.—In the majority of the 
practical applications of alternating currents and potentials, 
the important quantity is the mean value of the square of the 
current or the potential over a period. 


Putting irae Lowy, (1034) 
then 2 = (I: vy): y) (1035) 
and, as shown in Par. 32, 

Cyd =t + Wey (1036) 


It can be shown exactly as in the preceding paragraph that 
W is a periodic vector containing no constant component, 7.e., 
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its mean value over a period is zero, also that the mean value of 
the remainder of the expression is 


: Sie Se ; Sie (1037) 
D1 n= 
S513 (1038) 
n= 2 


where I, is the root-mean-square value of i,, the nth harmonic. 
Thus, putting I for the square root of the mean value of i? over 
& period, 


IP ah atk (1039) 
n= 1 
i.e., I= ‘| ale (1040) 
n=1 


In a similar manner it can be shown that V, the square root of 
the mean value of v over a period, is 


Wee Eee (1041) 
n=1 

The quantities I and V are known as the root-mean-square 
values of the alternating current and the potential respectively. 
It is clear that they depend on the relative magnitudes of the har- 
monics, and not on the phase relationships between them. These 
are quantities which are measured by ordinary alternating- 
current instruments, and these quantities are used to designate 
the value of the alternating currents and the potentials concerned. 

Referring to the preceding paragraph, it is seen that the mean 
power consumed in the impedance z can be expressed 

P= RI (1042) 
I being the root-mean-square value of the current. This is, 
of course, identical with the expression that would apply to the 
case of a continuous current of magnitude I flowing through the 
same total resistance. 

72. Power Factor.—Referring to Fig. 70, analternating-current 
ammeter connected in series with the impedance z would show a 
reading 

I = | YI] (1043) 


n=1 
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An alternating-current voltmeter connected across its terminals 
would show a reading 


V= | > (1044) 
n=1 


A wattmeter connected in the usual way with its current coil 
in series with z and its potential winding across the terminals 
of z would indicate the mean value of the product of i and v, 7.e., 
as shown in Par. 70, the average value of I - V. 

Ifiand v were of pure sine-wave form, then 


p= — (1045) 
iV . 

= “9 cos 0 (1046) 
= IV cos 6, (1047) 


I and V being the root-mean-square values of i and v. 

In this connection, cos @ is termed the ‘‘ power factor” of the 
load z. It is, of course, the constant angle between the vectors I 
and V, 7.e., the angular phase difference between i and v. 

In dealing with currents and potentials of general wave form, 
these simple relationships no longer hold. The angle between I 
and V is not a constant, but is itself a periodic function of time. 
For convenience, however, the same notation is retained in the 
general case, 7.€., 

z. = power factor (1048) 
both for sine-wave forms and for the general waveform. It must 
be realized, however, that, whereas in the case of sine-wave forms, 


the power factor depends only on the load (since tang. = =) in 


the general case it depends not only on the load but also on the 
wave form of the e.m.f. which supplies current to it. In fact, 


if R is const., P = RP, (1049) 
2 
so that Power factor = 4S (1050) 
I 
=R V (1051) 
pa 
= Ri sya] saa 
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les 1 
But ls == {R2 =a —) iY (1053) 
: Vie 
1:€., I? = Re +X (1054) 
n=o V.2 2 
> R?2 + Exe 2 
Therefore, Power factor = R |"—-~ ) (1055) 
ve 
n=1 


so that the power factor depends not only on R and X but also 
on the relative magnitudes of the harmonics of v. It should be 
noted, however, that it depends only on the relative magnitudes 
of the harmonics, and not on the relative phases of the harmonics. 
It is, moreover, independent of the absolute magnitude of v, 
provided the harmonics are always of the same relative magnitude. 

73. The Identity and the Equivalence of Alternating Currents 
of General Wave Form.—Two currents will be considered 


n= 


i= S)icos (not + 8) (1056) 
n=1 ; 
Lae S) 1’ cos (nwt + 6’) (1057) 


n=1 


represented respectively by the vectors I and I’ where 


[= Ie (1058) 
n=l 
Vee Ise (1059) 
n=1 
Then if 
I =I (1060) 


at every instant, the currents i and i’ are equal in every respect, 
1.€., in magnitude, wave form, and phase. 
Let I, be the vector I at the instant t. Then, if for all values 
of t. 
Leas. (1061) 
where r is some positive number less than one, then i and 1’ are 


equal in magnitude and in wave form, but there is a phase differ- 
ence of r of a period between them. 
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If eo (1062) 
but Teel? (1063) 
for all values of n, then, from Par. 71, 

T=TI1, (1064) 


i.e., the currents i and i’ are not of the same wave form, but their effective 
or root-mean-square values are the same. 

Similarly, for the inequalities of alternating currents of general wave form, 
if 

its Ika ; (1065) 

at every instant, then the currents i and i’ are similar in wave form and 
phase, but i is k times 1’ in magnitude. 

Again, if I, = kI’¢4r2, (1066) 
the currents i and i’ are similar in wave form, but iis k times i’ in magni- 
tude, and r of a period ahead of it in phase. 


If I > kl’ (1067) 
but Nex ee Tle : (1068) 
for all values of n, then tT =k (1069) 


z.e., the currents i and i’ are dissimilar in wave form, but the effective or 
root-mean-square value of 1 is k times that of i’. 

Restating these conclusions in scalar form, we have, as the conditions for 
the complete equality of the currents i and i’, are 


Lamhe! (1070) 
On = Oh! (1071) 
both of which are imphed in the single vector equation above. 
aco) 
Putting Velho cy ee > In’ cos (nwt + 6’) (1072) 
n=1 
n=o 
- SEA 
then 447: v= Ss In’ cos {nw (t+ rT) + ax’} (1073) 
n=l1 
' Qr 
and since Ora (1074) 
Teco 
Veter = >, fn’ cos (nut +norT + On’) (1075) 
n=l1 
N= © 
= Ty’ cos (nwt + 2enr + 6n’) (1076) 
n=1 
n= o0 
= i <i27nr Tet ‘y (1077) 
n=1 
n= oo 
= entely ct (1078) 
n=l 
Qr 
where os. (1079) 
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Thus, the condition for equality of magnitude and of wave form with a 
phase difference of r of a period is 
10) i+ {oo} n= oo 
DE ae a (1080) 
n= 1 n=1 


which, in scalar terms, becomes 


i =. Ti? (1081) 
On — On’ + n¢, (1082) 
— / 
Bsoes es Le Const. (1083) 


n 
On the other hand, the condition for effective or root-mean-square equality 
without equality of wave form is 
est bee (1084) 
On a On! 
n 
It should be noted that only with currents of similar wave form is it possi- 
ble to assign a value for angular phase difference, and even in these cases 
the angle between the two vectors is constant and equal to this angle. If 
the current represented by the vector I is described as having an angular 
phase difference ¢ with respect to another current represented by the vector 
I’, this means that the angle between the vectors representing the nth har- 
monics of these currents is n¢. 
Further, note should be taken of the distinction between 


= not const. (1085) 


n=o n= oo 
pes > Tae » Jno y,! (1086) 
n=1 n= 
n= © Nn = 0 
ond le > eae ae (1087) 
ne n=l1 
= ev >, oe (1088) 


In the first case there is an angular phase difference ¢ between the currents 1 
and i’. In the second case 


n= @ 
ve > Thaty (1089) 
n=1 
n=o 
= In cos (nwt + On) (1090) 
n=1 
n =o 
ia > Ley (1091) 
vee 
n= 
= > Tn’ cos (not + On + Y), (1092) 


n=l 
which means that i and i’ are equal in effective or root-mean-square value 
but are of different wave form. Also the angle between the vectors Iand I’ 
is constant and equal to y. 
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EXAMPLES 


1. An e.m.f. represented by 
= 100 cos 1007t + 10 cos (8007t + 30°) + 10 cos (5007t + 60°) + 
5 cos (7007t 90°) volts 
= (E, + E; + E; + Ez): v 

acts in a circuit consisting of an inductance of 10 henries having a resist- 

ance of 5 ohms, in series with a pure capacity of 0.0405 microfarads. 

(a) Express the current flowing in the circuit 
(1) In vector form in terms of E;, Es, Es, and E. 

(2) In scalar form. 

(b) Compare the ratios of the amplitudes of the harmonics in the e.m.f. 
to that of the fundamental, with the corresponding ratios for the 
current. 

2. Find the mean power consumed in the above circuit under the conditions 
specified. 
3. (a) A current represented by 4 
= 100 cos 100rt + 20 cos (3007t + 15°) 
20 cos (5007t + 60°) + 10 cos (7007t + 10°) + cos 900rt 
amperes 


is flowing in a pure resistance of 25 ohms. Find the mean power con- 
sumed. 
(b) What is the mean power consumed if the resistance is not independ- 
ent of frequency, its magnitude at a frequency f being given by 
; f 1 
Ry > 75 50 2,000" 
4. An e.m.f. represented by 
= 100 cos 100rt + 15 cos (38007t + 30°) 
+ 20 cos (5007t + 60°) + 10 cos (7007t + 10°) volts 
supplies current to a circuit consisting of a resistance of 100 ohms in 
parallel with a pure inductance of 0.159 henries. Calculate: 
(a) The r.m.s. value of the e.m.f,. 
(b) The r.m.s. value of the current. 
(c) The mean power consumed in the load. 
(d) The power factor. 


ANSWERS TO EXAMPLES 


90° 490° — 590° 
1. (a) (1) T= 75, 55508! * 16,7008° + 5s + To3008" 
(2) i = 1.325 X 107 cos (1007t + 90°) 
+.6 X 1073 cos (800rt + 120°) 
+2 cos (5007t + 60°) 
+4.625 10. cos 700rt. 
(b) He ae lb ee Anos 
oe ai 
5 Is 
PE ea Valo 
fi ae 510.0 
Er _ 05; 12 = .349. 
Vil hii 
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2. Putting 
1P SS Je qeden ap ley eden 
Pi, P; P, are negligible, being of the order of microwatts. 
P = P; = 10 watts. 

8. (a) 136.26 kilowatts. 

(b) 161.08 kilowatts. 
4. (a) 73.3 volts. (b) 1.594 amperes. 

(c) 58.63 watts. (d) .46. 


CHAPTER VIII 
SYMMETRICAL POLYPHASE SYSTEMS! 


74. The Definition of a Symmetrical m-phase System of 
E.M.Fs.—A series of m e.m.fs., equal in magnitude and in wave 
form, between successive members of which there exists a time 

: i ; ne Pe . 
phase difference of mat of a period, is said to constitute a sym- 


metrical m-phase system. 
Thus if 


n=o 


C= » E,, cos (nwt + 0,) = > Eee vi— Ee ved 0eg) 


n=1 


then 
Eo Es (1094) 
n=l 
Eee er, (1095) 
n=1 
Equa Es (1096) 
n=1 
Ege? i, (1097) 
lea § 
Ean) = S ene rns 1098) 
where oe x 
2a 
o=— (1099) 


are the successive members of a symmetrical m-phase system. 


Note.—In the above equations (1094 to 1098) the subscripts indicating the 
number of the phase have been enclosed in brackets in order to distinguish 
them from similar subscripts indicating harmonic order. In the following 
paragraphs, in which pure sine waves only will be considered, these brackets 
will be omitted for the sake of simplicity. 

1 Bibliography, Nos. 9, 20, and 17. 
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75. The Symmetrical Three-phase System of Sine-wave 
E.M.Fs.—A full discussion of the general m-phase system defined 
as above would be of theoretical rather than of practical interest. 
Certain points of the general theory will be considered later in 
this chapter, but for the present, in view of the practical object 
of this book, it will be preferable to confine the discussion to the 
most important of the polyphase systems, namely, the three- 
phase system of which the constituent e.m.fs. can be considered 
to be approximately of sine-wave form. 


Putting e = Ecoswt =E-y, (1100) 
then E, =E 7 (101) 
Eee Re Ok (1102) 

We io es (1103) 


will be the vectors which represent the e.m.fs. of a symmetrical 
three-phase system. 


In scalar form e; = E,- v = E cos wt (1104) 
e. = E.- v = Ecos (wt + 120°) (1105) 
es = E,- v = E cos (wt + 240°). (1106) 


76. Graphical Representation of a Three-phase System.— 
The three vectors E,, E, and E; can, obviously, be represented 
by three lines of equal magnitude inclined to each other at an 
angle of 120°, as shown in Fig. 71. 


Imig’, ihe iiGemdze 


77. The Sum of the E.M.Fs. of the Three-phase System.— 
Since the vectors E,, Ex, and E; can be represented, as shown 
in Fig. 72, by the three sides on an equilateral triangle, 

Ei + E: + E; = 0. (1107) 


142 ALTERNATING CURRENTS AND TRANSIENTS 


Alternatively, E; + E, + E3 = (1 + Gi eigen | ae Cl LOS) 
= {(1 + cos 120° + cos 240°) + j (sin 120° 


+ sin 240°)}E (1109) 
+s oe LN oe | 
5 (i 2 tis v2) he ae 
= 0, (1111) 
1.€., (1 dl 4 78") = 0 (1112) 


78. The Interconnection of Three-phase E.M.Fs.—In prac- 
tice, the e.m.fs. of a three-phase system are derived ultimately 


Line 3 
CE, E | 
[e) 
E,0 Line 2 E3 
| CE, B.| 
Line! 
Fie. 73 


from the armature windings of a three-phase generator, though 
they may, of course, pass through various transformers or other 
apparatus before being utilized as a source of power. 

For reasons of economy in conductors polyphase systems are 
usually interconnected. For this purpose two main alternatives 


are available, the choice between them depending on the practical 
conditions and requirements in any given case. 

The first is known as the ‘‘mesh”’ or “‘ring”’ (or in the case of 
three-phase, ‘‘delta’’) connection. The second is known as the 
“star”? connection. These connections are illustrated in Figs. 
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73 and 74 respectively. The figures also show the symbols 
which will be used in the discussion of the two systems. In 
addition, the following symbols will be used. 
EK, = r.m.s. value of the phase e.m.f. 
K, = r.m.s. value of the line e.mf. 
79. Three-phase Operators.—In the discussion of three-phase 
systems certain operators will be of frequent occurrence. For 


Iker, 75%, 


convenience of reference, these are given below with their 
equivalent forms (see also Fig. 75). 


nee ee Berne ee oes) 
OORT Were or eae st ae =5 is (1113) 
IU es) eae mL eg ei (1114) 

c 2 2 

ne ioae care ee 
= iD ae PLO ey ne 1115 
eu. € 2 Ip (1115) 
gine? sa 20” we : (1116) 
il aes Se ea ee ; at ee (1118) 
(ae re Ay ee : ae (1119) 

se Pee ee alee ANTS 

, Oo ASUS Sie ees EEE 1120 
1 € € 9 ] 9 ( ) 
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80. Star-connected Three-phase System.—One important 
difference between the two types of interconnection mentioned 
above is immediately obvious from a consideration of Fig. 74. 
With delta connection, the e.m.fs. operating between the supply lines 
are the terminal potential differences of the phases. With star 
connection, on the other hand, the line e.m.fs. are the differences 
between the terminal p.d.s. of successive phases, 1.€., 


E,. = E; — Ep (112%) 
ee wee (1122) 
E31 = E; — E. (1123) 

It follows from this that 
Ey. + Ex3 + Ez; = 0 (1124) 

quite independently of 
E,+E,+E; =0. (1125) 
The line e.m.fs. can also be expressed 

Bi = (Ue Es =r Ser 2 E, (1126) 
Ee = (1. eR: = 4/3. “RE (1127) 
Es: = (1 — e°)E; = 1/3 7°E; (1128) 
Therefore, Hy = 473 .Be: (1129) 


124 


12 
Libicl, 7Acy Macey Hilts 


The above combinations are illustrated graphically in Figs. 76 
and 77. 
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81. Delta-connected Three-phase System.—In this case 


E,. = E, (1130) 
Eos a E, Git3 1) 
E31 a E3. (11382) 


It sheuld be noted that the phase windings constitute a closed 
circuit for the phase e.m.fs. in series. Since, however 


E, + E, -f E; == 0, (E33) 
there is no resultant e.m.f. acting around this closed circuit. 


82. Three-phase Line Currents.—The symbols which will 
be used in the discussion of the line currents are shown in Figs. 


Line 3 T3=a3,E3) 
| CE, E.] 
E23 


E30 i Line Tp= ap; | Es, 


CE, oe 
Line 3 T,=a,2E 2 


Fie. 78. 


78 and 79. In addition, I1, Is, I; will be used for the r.m.s. values 
of the line currents and I, for the r.m.s. line current in balanced 
systems. 

Efficient voltage regulation will be assumed, 7.e., the line and 
phase e.m.fs. will be assumed to remain constant for all values 


E; 


au; Line 3 T3= 3,831 
Es] 

we Line 2 12= 233 E3 
Ey 

ao Line | T,=a)2 Eye 


Line O To 
Fie. 79. 


of the line currents. This will greatly simplify the analysis 
without materially detracting from its value. 
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1. Star-connected Supply System.—This is illustrated in Fig. 79. 
There may or may not be a fourth or neutral line to the neutral 
point of the supply. If there is, by applying Kirchhoff’s first 
law to the neutral point, 


Tye ie te ly 0 (1134) 

or Io = —_ (Ii a I, + I). (1135) 
It will be convenient for many purposes to express the line 
currents in terms of the corresponding line or phase e.m.f. and 


an operator of the type re’ or (a + jb). 
For this purpose the following symbols will be used: 


I, = aE; = ay2Ey, (1136) 

I, = A2Ey = d23Ko3 (1137) 

I; = a3E3 = d3iEs1 - (1138) 

also Ip = aoE1 (1139) 
where a, = ea, = (g1 + js) (1140) 
dy Se a= (eu + jsi2) (1141) 


and similarly for the other a terms. 
The above operators are not, of course, independent for, since 


Ey = V3 °E:, (1142) 
V/ 36? ai. = ay ete., ete. (1148) 


There is, moreover, a relation between the operators of either 
set, for, from Eq. (1134), 


aoE, + aE, + asE2 + a3E3 = 0. (1144) 

Therefore, (ay +0, + ea, = 2749q,)E, = 0, (1145) 

1.€., (Qo + an +e an + eas) = 0. (1146) 
It follows from this that, if there is no neutral line, 

Gy da, eG, = 0 (1147) 


or, alternatively, 
Q\2 ae eas -b Pe => 0. (1148) 
2. Delta-connected Supply.—In this case the line currents 
I,, In, I; are the differences between the currents flowing in the 
successive phases of the supply. It follows from this (cf. Eas. 
(1121) to (1124)) that 


I, ++ I, +. I; = 0. (1149) 
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There is, therefore, the relation between the line operators 
die + € 7% G., + '7*a5, = 0. (1150) 
83. Three-phase Loads.'—The loads to which three-phase 
systems of e.m.f. are applied can be interconnected in either 


Line 3 


Fra. 80. 


of the two ways already described. The two types of connection 
and the symbols which will be used in their discussion are illus- 


Erg. Sle 


trated in Figs. 80 and 81. The loads 21, 212, etc. are general 
impedances of the type 


2. = nme" = Ri + jXi (1151) 
Zio = Ze? = Rig + jXi2 (1152) 
etc., etc. 


1 Bibliography Nos. 9, 17. 
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It will be convenient in some cases to express these loads 
as admittances, in which case the following symbols will be 
employed: 


oom yy = ye = Gi + 18s (1153) 
1 
il ge 
pire Yr2 = Vice 19? = Gio + JSie (1154) 
12 

etc., etc. 


It should be noted that the signs attributed to Vi, Vis, etc., 
etc., the potential differences across the loads, are such that 


Ex. + Ve = 0 (1155) 
etc., etc. ; 


In the discussion of the load equations it is immaterial whether 
the supply system be star- or delta-connected, except in so far 
as this concerns the possibility or otherwise of a fourth line. The 
line e.m.fs. being Ej2, Ee, E31, then, if desired, use can be made of 
the symbols Ej, Es, E3, on the understanding that 


1 . 
E, = ee (1157) 
etc., ete.; 


7.e., if the supply system is a star-connected one, then E,, Es, and 
E; are the phase terminal potential differences. If not, then 
they are the phase terminal potential differences of the equivalent 
star-connected system. 

The first question in the discussion of three-phase loads is the 
relation between the line currents and the line e.m.fs., 7.e., the 
expression of the line operators a1, di2, etc. in terms of the loads 
23, 212, ete. This will be the subject of the following paragraphs. 

84. Three-line Star-connected Unbalanced Load.—This is 
illustrated in Fig. 81, the neutral line being disregarded. 

By the application of Kirchhoff’s second law, 


EE. = —Vi+ Vz (1158) 


Ex, = —V2 + V3 (1159) 
E31 = —V; a Vi. (1160) 
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The potential differences of the system are, therefore, as shown 
in Fig. 82, the potential of the neutral point of the load with 
respect to the real or assumed neutral point of the supply being 
represented by the vector Vo. 


Eo 
Ba 
By 
Fig. 82. 
For this vector Vo, 
V.2+E.+V,=0 (1162) 
V; + E; + Vo = 0, (1163) 


whence, by addition, 
3(Vi + V2 + Vs) + 3(Ei + Es + E;) + 3Vo = 0. (1164) 


Therefore, Vo = -—(VitV2+4+ V3). (1165) 
For the line currents in terms of the line e.m.fs. 

since Vi= —21, (1166) 
Vo = —2ele (1167) 

V3; = —2sI3 (1168) 

therefore 211, — ZIe = Ev (1169) 
Zely — 2313 = Eos (1170) 

2313 — 211, = E41. aia) 


These three equations are not independent, however, for the 
third can be derived from the other two. For their solution, 
therefore, a fourth equation is required. This can be obtained 
by the application of Kirchhoff’s first law to the neutral point, 
which gives 

I+I,+1; = 0. (1172) 
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The solution of the above equations by the ordinary algebraic 
methods will be found to be 


2sE12 — 22Es1 


I, = Pr. (1178) 
I, = AB SA (1174) 
I= Bn ~ 2Bs, (1175) 
where Zo = 2122 + 2223 a Sere (1176) 


For the expression of dj2, @23, @31 in terms of the loads 21, 22, 2s, 
however, it is necessary to know I, in terms of Ey, Iz in terms of 
E,;, and I; in terms of E3;. For this purpose 


Es, = €°E, = — & ME. (1177) 
Ei2 = Ros = Eos (1178) 
Eos = ¢ MR, = — 6° Es. (1179) 
j}60. 
Therefore, I, = ae = Oke (1180) 
j60. 
I, = rane Es (1181) 
j60 
I; = ars my Ole (1182) 
: j60 5 
ie. ae mrs a (1183) 
j60. 
Q23 = ae (1184) 
}60. 
as: = oe a (1185) 


If it is desired to express the line operators in terms of the 
resistance and the reactance components of the loads, then 


@ = {(Ri + jX1)(Re + jX2) + (Re + jX2)(Rs + jXs) 


+ (Rs + jXs)(Ri + jXs)} (1186) 
me Rg aX 
where 
Rg = (RR: = RoR; =i R;Ri) Ta (XX 4° X2X3 = X3X4) 
(1187) 
and 


Xe= (RiX:4> RaXee} Rex.) eke SR ee 
(1188) 
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Alternatively, Zo = 16° (1189) 

where ae2 = Roe + Xe? (1190) 
x 

yo = tan“! iy. (1191) 


(1192) 


Similarly, 23 + ez. = 23; + G ap NOV 


Me ) + i(Xs + ae Hey xe) (1193) 


= kyl ?l2 


= (Rs + 5Re -— X 


where 


ki? = 232 + 22? + (ReR3 + X2X3) — V/3(RaXo — ReX3) (1194) 
2X, + K+ V3Re 
PA nips dB Vax 


Thus ay = [2] dten—ve (1196) 


Cc 


and tan ¢i2 = (1195) 


and, similarly, for a23 and a31. 

The expressions involved are seen to be simple in character 
though somewhat lengthy in form. In practice, graphical 
methods provide an easier way of obtaining the solution in any 
given case. For this purpose it will be found more convenient 
to work with admittances rather than impedances. Dividing 
Eqs. (1180), (1181), and (1182) by 22.23 and putting 

1 


= yy (1197) 
al 
iI 
= = yp (1198) 
22 
vane (1199) 
£3 
Yeo = Y1 -f- Y2 + Y3) (1200) 
the expressions become 
_ Yiye ats Oy rYys (1201) 
Yo 
_ ya + eM yoy (1202) 
Yo 
}60 
ae at tl (1203) 
c 


The graphical determination, based on the methods described 
in Par. 19, is illustrated in Fig. 83 for the values 
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ope a 


Uh oes ee 
Upp = 1.5¢74 
ys = 1.6€°". 
: OA = y1 OJ = Ys Yor€y, Ys 
L OB = y OK = yoy3 EI Yo Yt 
OC = ¥ OL = 93 +E Ys Yo 
J OD= yy OR = (Y yot€/°°Yy, Y3)/Yo 
OE = Yo¥s 00 = (Yoyy rE Y> )/Yo 
OF = yy =. OP = (ys yt& 4, ¥3)/Ye 
OG = Ey, yo OS = Ye=Wt¥2+¥3 
OH = yo y45 ON=v 
{ Ol ero 7-7; 
H G E Ss 
F 
Cc 


HIG Son 


‘ 


The corresponding values of y, and of the line operators were 
found by the graphical determination to be 


}24°55/ 
ors GOs. 


Gy. = 4 74be oe 
A923 = geet 
ih Yer e 
Special Cases.—1. Non-reactive Loads.—If 
MG =) Ok = Gy =), (1204) 
then Re = RiRz + R2R3 + R3R; (1205) 
and Xe = 0, (1206) 
0 Ox. vie SS RR (1207) 
vo = 0. (1208) 
1 V3 ; 
Further, eee 60,, = hee oRs aie we (1209) 
so that ky»? = R,.? + R32 oh RRs. (1210) 
4/ Re? + Re? + RRs 
hecate pa eke 8 ake (1211 
eter’ ere RG Reach aa 
VE5 
Le vV 3Re 
2 Nea ta c ——— ——_— » 1212 
and Y SE rr ea ( ) 


2. Reactive Loads.—If 
1, = Ip eS IR = ©) (1213) 


then 
so that 


Further 
so that 
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Re = —(XiX_ + X2X; + X3X1) or Xo = 0, 
Li —Re 
Yo =T. 


ae V3 
BSN DN opp earenie Geran ©) 
kyo? = X53? + X2? + X3X-e 
V 8X2 
(OXgee Xe) 


diz = tan! — 


153 


(1214) 


(1215) 
(1216) 


(1217) 
(1218) 
(1219) 


The question of the position of the neutral point of the load 


in the potential-difference diagram is of practical interest. 


If Eqs. (1180), (1181) and (1182) are divided by 22223, then 
substituting admittances for impedances, 


where 


Now, since 


Yiyo + 60 
tex Y1y2 Coe Uys 1h 


Ye 
C= yoys + Muy 
Ye 
Tem ysyi + ly syo ay 
Ye 
Yo = Yi t yet ys. 
Vi = -aili 
oh 
= ae 
etc., etc., 


then, from Eqs. (1220) to (1222), 


and since 


Therefore, 


: 560 
_ mee Ys) B, 


Vi — 
Yo 
ee UL net SUE 
Ve 
j60,,, 
Woe _Mm ts Yo) En 


—Vo = 3(Vi + Vz + Vs). 
ByeVo = (yo + eM ys)Er2 + (ys + 


(1220) 
(1221) 


(1222) 


(1223) 
(1224) 


(1225) 


(1226) 
(1227) 


(1228) 
(1229) 


6° )E23 ieee 62) E51 (1230) 


=/3{e (y2 qe Oy 5) F (ys ae 


Jy) + oy, + ye) Ei: (1231) 


= +/3{ (1° alte 67 yy, = (Com a 


620 ae (Cie St é°)y 3} E 


1. (1282) 
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By drawing these operators it can easily be shown that 


eae ie) (1233) 

e 1) 4710 Sy /3a (1234) 

0 4 0 == — 4/3070 (1235) 

Therefore, BycVo = — 8(yr + Gye + ee ys) Ei (1236) 
or — YoVo = YE. + y2Eo + ysE3. (1237) 


In other words, the vector —y.Vo is the resultant of the vectors yiE,, 
Y2Eo, y3E3. The graphical determination of Vo, z.e., of the posi- 
tion of the neutral point, is thus a simple matter. It is illus- 
trated in Fig. 84 for the special values already considered. 

D 


OA = y, OE* = E,-=100 

Be OF = Gyre yere™ 8, 
oe 7 ¥s Os = YyrEd Oy + Eley, 
OB = ¢/%y, ON =v 

0c’ e Esee. Ov*- Vo = 115 € 59052 


OD = Fe = Yt Yor Yy 


* The scale for these vectors /: e - 
F the scale of al/ gis Cashes /S one-twentiet 


Fig. 84. 


85. Three-line Star-connected Balanced Load.—Putting 


oi| => sy ape Fae eh (1238) 
Y1 = Y2 = Ys = Ys (1239) 
then, from Eqs. (1180) to (1182), 
ToS (1ee oon (1240) 
Boos 
A GO\paes 
IL=(1+é 3a, (1241) 
nak 
Ir = (1+ tO (1242) 


8 


(1 + ¢i60) ¢i30 
8 VB 


and, since (1243) 
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the above equations can be writteh 


I, = = (1244) 
I, = ee (1245) 
Lee = (1246) 
ies Q1 = de = a3 = Y¥;. (1247) 


NOTE. The unit vector v and the operator & are 


I 3 drawn onascale 20 fires as large as that of the other vectors 
Fic. 85. 


Therefore, the vectors Vi, V2, V3, are equal to Ey, E2, Es; respec- 
tively, and Vo = 0. The case is illustrated in Fig. 85 for the 
values 
E,2 = 200 
ee a 

86. Four-line Star-connected Unbalanced Load.—This is 
illustrated in Fig. 81. The current and potential relationships 
are simple in this case, for 


E,=Vi (1248) 

EseiVs * (1249) 

E; = V3 (1250) 

and Vo = 0. (1251) 
Therefore, a= (1252) 
de = Ye (1253) 

as = Ys (1254) 

For the current in the neutral line 

l= —Ud +L +1), (1255) 


te, Ip = — (iE, a YoHs ar ysis). (1256) 
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Comparing this with Eq. (£237) it is seen that the current in 
the neutral line is that which would be produced in a circuit 
consisting of the three admittances y1, y2, ys; connected in parallel, 
by an e.m.f. equal to the potential of the neutral point in the 


three-line case considered in Par. 84. 


87. Delta-connected Unbalanced Load.—tThis is illustrated in 


Fig. 80. It will be seen that 


ly sli lia 

I, = In3 — Ie 

In = ei — Lee. 
Also, Tie = Yr2E 1. 
In = Yo3Ho3 
Iz, = Ys1Es1. 


Therefore, I, = yi2E12 — ysiEs1 = (Yio + €ys1) Eis 
I, = Y23E23 = Yi2E 12 = (yos = a) Eas 
I; = Ysiks1 2 Y23Eo3 = (Ys1 Se oie Ee, 
Le; diz = Yie + 50731 


: 1 foe 
= (G. i 9 a1 = > : ay 
; be 3 
ar i(s + 9 931 + x Gu) 
and similarly for a3 and a3y. 
I 
H 
OA = Yio 
OB= Y23 
Oc = Y3I 
OD = © y,. 
OE = (10 
OF = ey / 


Oo! = Yx te G5, 
ON= v 


Fie. 86. 


(1257) 
(1258) 
(1259) 
(1260) 
(1261) 
(1262) 
(1263) 
(1264) 
(1265) 
(1266) 


(1267) 
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The corresponding vector diagram is given in Fig. 86 for the 
numerical values already considered in Par. 84, 


. 1 FQO / 
1.€., Zi aeeiae ¢-i8°40 
i tale 

Pie fame ee 724° 

co i 

a 16 € i37° 
which give (cf. Fig. 83) 
UB) Ts 2. 05e = Cig 2 e483" Cri = Ba0eee,, 


88. Delta-connected Balanced Load.—If the load is balanced 


? 


Yio = Yos = Ya1 = Yuo- (1268) 

Therefore, I, = (1 + &®)y,Ei2 = We Jaen (1269) 
I, = (1+ 6™)ynEos = V/3e8°°ynEos (1270) 

Is = (1 eS Vy nEs = V/ 36 YE a1: (127) 

The three-line currents are, therefore, equal in magnitude and 
nan ay hes a (1272) 


NOTE. The unit vector v and the 
operator @ ore drawn on ascale 
twenty times that of the other vectors 


Fig. 87. 


The case is illustrated in Fig. 87 for the values 
Ede a 200 ea 
@ = 2.246" 
(cf. Fig. 85). 
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89. The Equivalence of Star- and Delta-connected Loads.— 
1. Star, Three-line, and Delta-connected Loads.—Two loads, one 
three-line star-connected and the other delta-connected, can be 
said to be equivalent if the line-current vectors I,, In, I; are the 
same in each case. 

Comparing Eqs. (1180) to (1182) with Eqs. (1263) to (1265), it 
is seen that the loads 21, 22, 23 connected in lines 1, 2, and 3 will 
be exactly equivalent to loads y12, yes, ys1 connected between lines 
1 and 2, 2 and 3, 3 and 1, if 


. ee a (1273) 
S yn = 2. (1274) 
s =n => (1275) 
er a (1276) 
Yos = ae (1277) 
yor = a (1278) 


Alternatively, if it is required to express yi, Y2, and y3 in terms of 
Yi2, Y23, and y31, from the above three equations 


2 
ae ~ ie (1279) 
yar + ye = telah te! a (1280) 
Cc 
Therefore, 
/ : ( 2 ‘ 
Tracer en eee ee ye (ee 
Y23 Yeo 
since Yo = Yr + Yo + Ys. (1283) 
Therefore, Yi = Yio + Yar + ae (1284) 
Ree eS ya ae (1285) 
31 


Y3il A 
Ys = Ysi + Y2s + ae (1286) 
Yi 
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These equivalent loads are illustrated in Fig. 88. 

If the loads are simple in character, e.g., non-reactive or 
wholly reactive, the calculation of the equivalent load is a simple 
matter. For instance, if 


Sle 
aie ¥3 


ry 


OA = YU; OG = U3 41 

OB = Yo ON= v 

OC = Y3 OX= Yi2 = Y¥2/Yc 
OD = Ye OY = Y25 = ¥2¥3/Ye 


OE= yy. OZ= yx =¥34; [Yc 


Fig. 89. 
y: = .025 reciprocal ohms 
y2 = .100 reciprocal ohms 


yz = .175 reciprocal ohms 
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then Yo =..200 reciprocal ohms 
.002 : 
Yu = eee = .0125 reciprocal ohms 
1 ; 
Y23 = ae = .0825 reciprocal ohms 
004375 : 
Ys = wu 9 = .021875 reciprocal ohms. 


In a more general case a graphical. method of solution is 
preferable, and is illustrated in Fig. 89 for the values 
en a 
yo = 1.592183" 
y3 = 1.25€°" , 
the equivalent delta-connected loads being 
fis = ATe BO 
Tory Er 
Ua =e. 


2. Equivalence of Balanced Star- and Delta-connected Loads.— 


If Yr = Y2 = Ys = Ys (1287) 

and Yi2 = Yos = Y31 = Ym; (1288) 
then the equivalence condition becomes 

3Ym = Ysy (1289) 

16.5 PL ate tata gees (1290) 

OL eee (1291) 

or BY ad Vilas (1292) 

6; = 655 (1293) 


90. The Determination of Loads in Terms of Line Operators.— 
Given the line operators @12, 23, 43, completely, 7.e., in magnitude 
and angle, is it possible to determine the star- or delta-connected - 
load which will give these values of the line operators? 

It is immaterial whether the load be determined as either star- 
or delta-connected, since the equivalence conditions -give a 
means of transformation from the one to the other. Assuming, 
therefore, that the load is a delta-connected one, the equations 
(see Par. 87) are 

Gig = Yr + Cys (1294) 
doz = Yes + furs (1295) 
si = Ys1 + Or yes. (1296) 
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It would appear that here are three equations for the determina- 
tion of the three unknown quantities y12, y23, yz1. The equations 
are not, however, independent, for 

diy + ays + bas, = 0. (1297) 
Multiplying the first equation by é®° and subtracting the second 
from the result, 


2 ys — yo3 = 6 Pai, — ag3. (1298) 
Multiplying this by é° 
Pee Yue e° Gig ea, (1299) 
SS Money a ie (1300) 
== ian 


from Eq. (1297). 

Thus the third equation can be derived from the other two. 
The data are, therefore, insufficient for the specification of the 
loads, since an infinite number of values of yi2, ye3, and y31 can 
be found which will satisfy the first two equations, and these will 
necessarily satisfy the remaining equation. 

It may therefore be said that in the general case of athree-line 
unbalanced load a knowledge of the magnitudes and the phases of 
the three-line currents is not sufficient to determine the loads. 

91. Power in Three-phase Systems.'—Consider a supply 
system such as that illustrated in Fig. 90, in which the phase 
potential differences E,, E2, E; are maintained constant in ampli- 


E, 1,—_——~ Line ] 
NS 
aS | i ae Line 2 
ae | Vee Line 3 
Fie. 90. 


tude. As shown in Par. 32, the instantaneous rate at which 
energy is being supplied to the lines by the terminal potential 
differences E,, Es, and E; can be expressed in the form 


p = 401: Ei+1,-E2 + 13° Es) + (Wi + We + Ws): y, (1301) 
Tek 
where W; is a vector of magnitude ee which makes with yv 


1 Bibliography, No. 14. 
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an angle equal to the sum of the angles made by I; and E,; with 
v, and similarly for W2 and W3. 

The line potential differences produced by this system will 
be, as indicated in the figure, Ey2, E23, Es; between lines 1 and 2, 
2 and 3, and 3 and 1| respectively, where 


E,., = Ej — Ep = V3 °E, (1302) 
Ej, = Eo Ey = 4/ 8c Es (1303) 
Ey = Ey bya E (1304) 


Now, as shown in Par. 83, given these constant line potential 
differences, it is immaterial whether the actual supply system is 
star- or delta-connected. In either case Eq. (1301) in conjunc- 
tion with Eqs. (1302), (1303), (1304) will accurately represent 
the instantaneous power being supplied to the lines. Equation 
(1301) will, therefore, be taken as the standard form for the 
discussion of three-phase power. 

As in the simpler case of a single alternating e.m.f. supplying 
current to a circuit, the expression for the instantaneous power is 
seen to consist of two parts, one being the constant term 


and the other the periodic term 
(Wi+ W.+W;), (1306) 


which itself consists of the sum of three periodic terms derived 
one from each of the three phases. The mean value of this 
latter term over a period is zero, so that the mean rate of energy 
supply to the lines is given by 
P = $10,:Ei + 1,: Ez +I; - Es). (1307) 

In practice this is the important factor. Before considering 
it in detail, however, it will be well to discuss the periodic term 
a little more fully, since it possesses some features of special 
interest. 

92. The Periodic Term in Three-phase Power.—Since 


I; = aE, ="aie"' Ej (1308) 
and similarly for I; and Is, then 
aoe 
Wi-v== se cos (Qwt + w1) (1309) 
be 
a cos (2wt + y1) (1310) 
= ee cos (Qwt + y1) (1311) 
and similarly W2: v = ask,” cos (2wt + v2 + 240°) (1312) 


Ws: v = asl,” cos (Qut + ws + 120°). (1318) 
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If Wo be a vector of magnitude E,2, velocity 2w, and initial 
phase zero, 7.e., 


W.: v = E,? cos Qut, (1314) 

then from Eqs. (1311), (1312), and (1313) 
W, = a.W> (1315) 
W, = &74°q.Wo (1316) 
W; = 2 a; Wo, (1317) 
so that Wi -+ We + Ws = (a1 + e7*°a, + 6!°a3)Wy (1318) 
ay Gee (Gate Ose a7) We (1319) 


Special Cases —1. Unbalanced Three-line Star-connected Non- 
inductive Load.—Putting 


2)= Ri (1320) 
zo = Re (1321) 
z3 = Rs, (1322) 


from Eqs. (1183), (1184) and (1185) 
4 (R3 + €160R») 


ES ay (1323) 
eg SE fo) (1324) 
ee a (1325) 
where R, = (RiRe + ReRs + R3R). (1326) 
Therefore, (diz + €249@3 + €/120q;,) = 

(Rs + ?49R, + e12°R,) eel Eindepae oie Lh) a5 7) 
= ei 4 mye e328) 
= eo + ae een, (1329) 

Also, Ri + &#°R, +ei20R, = Ry — ¢ ci ote 
=¢: Bs on (1330) 


= (x, _ Re _ 2) zs i(* rs = <2ig) (1331) 


164 ALTERNATING CURRENTS AND TRANSIENTS 


Putting this expression in the form re’, 


= Ri? + Ret + Re? — Ruy — RRs + 
BRR (4359) 
= (Kae Re) ole (1333) 
Therefore the amplitude of the double-frequency term is 
: s 
vee oe Ra) “2 Ey’. (1334) 


2. Unbalanced Four-line Star-connected Non-reactive Load. 
In this case 


a= Vi (1335) 

Ao = Ye . (1336) 

a3 = Ys (1337) 

so that Wi + We + Ws = (y: + ey, + ef °ys)Wo. (1338) 

Putting Y=yi= = etc., etc., (1339) 
1 


1 ¢i2i0 a 


then Wit+W:+W:=(; - s 
1 2 3 


(1340) 


Expressing the operator in the form re’’, then, by analogy with 
the case considered above, 


ro (Gettete a) =aact wae te! ad ey 


“Guys: heme (1342) 
3. The General Case of the Balanced Load.—Putting 
Oi = do-= ds = 10, (1343) 
we have from Eq. (1318) 
Wa EW Wa aw (1344) 


= 0, (1345) 


as shown in Par. 82. 

Thus, there is the important result that, if the load is a balanced 
one, the periodic component of the power is zero. Inother words, 
the rate at which energy is supplied to a balanced load by a symmet- 
rical three-phase system of sine-wave e.m.fs, ts constant. Such a 
system is, for this reason, described as a “balanced system.” 
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93. Mean Power in Three-phase Systems.—As shown in 
Par. 91, the equation, in general, for the mean power is 
P = 3(,:E,+1,: E, +1; - Es). (1346) 
If it is required to express this in terms of the loads in any 
given case, then 


I, = mE, = (g1 + jsi)Ei, (1347) 
so that I, .E; = gk? = 2¢,E,2 (1348) 
and, similarly, I, - E, = 2goH,” (1349) 
I; : E3 = 2g3H,,”. (1350) 
Therefore, P = (gi + ge + gs)E,”. (1351) 
Alternatively, in terms of the line e.m.fs. 
ih ; 
I,-E, = aes 30K 15 (1352) 
1 
= V/3 e— 30], 2 Exe (1353) 


1 eee | 
es Ge ~J 5) (eis + j812)Ei2* Ei, (1354) 


1 ‘2 2 

= Ve (V/3g12 we aye (1355) 
il a 

a a3 (V/3g12 = S12) E,? (1356) 


and similarly for I, - Ez and I; - E3, so that 
p= 4y/3{ (/ 3212 = S12) + (V/ 3223 Se S23) + 
(/ 3g31 + 831)} H,2. (1357) 

To express P in terms of the constants of the loads, therefore, 
it is only necessary to substitute for the g and s terms the values 
of these quantities in terms of the constants of the loads by 
means of the equations already derived for the various special 
cases. 

Special Cases.—1. Three-line, Star-connected Unbalanced 
Non-reactive Load.—Putting 


21 = Rk, (1358) 
CUCHICUC. 
then, from Par. 84 
R 
(Ri+ 9 
fie pi (1359) 
_ V8Re (1360) 
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where R, = RiRe + ReR3 + R3Ri. (1361) 
Therefore, V/ 32812 + Sip = see (1362) 


and similarly for 1/3g23 + so3 and +/3gs:1 + Ss1, so that 
P= (Ri ae Re ar Rs) E,2. 
R. 

2. Three-line Star-connected Unbalanced Reactive Load.— 
It is obvious from first principles that the mean power consumed 
in this case is zero. It will, however, confirm the validity of the 
general expression for the mean power to show that it leads to 
this result. From Par. 84, if 


(1363) 


Z1 = JX (1364) 
etc., etc. 
Sexe ae 

fie = 3% (1365) 

(X 4X 
S12 = my! 2) (1366) 
where MSE Ck ee ee (1367) 
Therefore, 0/3212 + S12 = Gas ee el) (1368) 
= — X»), (1369) 

(Xs ha ea es Xs eX) 

sothath PS te eee 2 (1370 
V3X. E> _ (1370) 
20: (1371) 


3. Three-line Star-connected Balanced Non-reactive Load.— 
Putting 


Rr=-he—2Re = (1372) 
in Eq. (1363), the result for a balanced non-reactive load is 
ihe 
= Ra (1373) 


4. Four-line Star-connected Unbalanced Non-reactive Load. 
In this case 


1 
ai = ies 21, etc., ete. (1374) 
1 1 1 : 
Therefore, P= (& ae RR, ta =) Ee? (1375) 
1 1 1 
Goa Se, 
R R R3 
ee YE (1376) 
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* If the load is balanced this becomes 
P=—), Csi) 


which is the same as Eq. (1373). 
5. Delta-connected Unbalanced Non-reactive Load.—The 
loads being given by the admittances 


Yu = Gr + jSie (1378) 
etc., etc., 
from Par. 87 £2 = Gis + Gai (1379) 
3 

Si2 = we Gai (1380) 
therefore, V/ 3e12 + sis = V/3(Gis + Gai) (1381) 

and similarly for ~/3g23 + sos and +/3gs1 + $31, so that 
P = (Gig + oe + G31) E,? (1382) 

1 1 
= E,2, 

es Minne ae ee) 


which can be compared with the result for a four-line star- 
connected load. 
6. Delta-connected Balanced Non-reactive Load.—Putting 


Ry = Res = Rs = Ry (1384) 
in Eq. (1383) the result for a balanced load is 
1,7 
P=83 ine 


94. Mean Power in Terms of the Load Potential Differences.— 
In a three-line star-connected load consisting of the impedances 
21, 22, and 23, there is in the load 2: a current represented by the 
vector I, falling through a potential represented by the vector 
V;. The mean power being consumed in this load is, therefore, 
4I,-V;. Thus, for a star-connected unbalanced load the follow- 
ing is an alternative expression for the mean power: 


aay re Vietie ls 2 Vos lse Via). (1385) 
The connection between this expression and the form 
P = 3(,- Ei + I: E, + 13° Es) (1386) 


is seen in Eqs. (1161), (1162) and (1163), by means of which 

Eq. (1385) can be written 

P= —F{I, s (Ei a Vo) feels (Ey =f Vo) aint a (E; = Vo)}, (1387) 

1.€., 

P = —1(,-E,+1.:E, + 13° Es) — $i + Ik + Is) - Vo (1388) 
= —4(,:E,+1.: E2 +13: Es), (1389) 

since L+hk+1; = 0. (1390) 
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The sign difference is, of course, due to the fact that Eq. (1886) 
refers to power given out by the supply e.m.fs., while Eq. (1385) 
refers to power being consumed by the loads. 

95 The Measurement of Three-phase Power. 1. The Three- 
wattmeter Method.—Three wattmeters connected as shown in Fig. 


Ls oe Kraed 


Fig. 91. 


91 to the four lines of a three-phase four-line supply system 
will give, respectively, the values of $11: Ei, 12: Es, and 31; - Es, 
so that the total power output of the system can be obtained by 
the addition of the readings of the three wattmeters (see Par. 94). 

Similarly, in a three-line star-connected load with an accessible 
neutral point the sum of the readings of three wattmeters con- 


Line] Ue a “i 


Fie. 92. 


nected as shown in Fig. 92 will be the value of $i: Vi; + I.: Vo 
+ I; . V3), 7.e., of the power being consumed in the load. 

Again, if only three lines are available, or if there is no accessible 
neutral point in the load, an artificial neutral point can be arranged 
by the connection in star of three equal impedances (e.g., equal 
non-inductive resistances), as Shown in Fig, 93. 
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In practice, however, the use of three wattmeters or the 
construction of an artificial neutral may be inconvenient or 


impossible. It is in any case unnecessary, as the following 
considerations will show. 


2. Blondel’s Theorem.—Consider the system illustrated in Fig. 
94, in which three wattmeters are connected with their current 
coils in series with the three lines, one terminal of each of the 
three pressure or potential coils being connected to the corre- 
sponding line, and the other three terminals of the pressure coils 
being connected together and either earthed, left insulated, or 
connected to some other point of the system which need not as 
_ yet be specified. 


I, Line l . 


Suppose the instantaneous value of the potential of this 
common point with respect to the neutral point of the supply to 
be represented by the vector Eo. (This vector need not be con- 
stant.in magnitude or angular velocity. It can, in fact, have any 
value at all as long as it remains finite or zero.) Then the sum 
of the readings of the three wattmeters will be the mean value of 
the expression 
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2{I,-(E, — Eo) + In: (Ee — Ey) + I3- (E3 — Ey)}, (1391) 
2.€., Of 
4(,-E, + I,:E, +1;-E3) —$€0,+1. +13): Eo. (1392) 
Now, assuming that there is no neutral line or its equivalent 
in the form of earthed points on the system, 


at every instant, so that the mean value of the second part of the 
expression (Eq. (1392)) will, therefore, be zero, and the sum of the 
readings of the three wattmeters will be the mean value of 


alte Bptalos EB. le E;), (1394) 


which is the power output of the system. 

This result is known as “Blondel’s theorem.” It should be 
noted that the proof given requires for its validity that the 
mean values of the scalar products concerned correctly represent 
the value of the mean power, and that the sum of the three-line 
currents is zero. It has already been shown (see Pars. 70 and 72) 
that the first condition is satisfied independently of the wave form 
of the currents and the potential differences. It is easily seen 
that the second condition is also satisfied independently of the 
wave form. Blondel’s theorem, therefore, and the methods of 
power measurement which depend on it are independent of any 
assumptions with regard to the wave form. This fact is, of 
course, of great practical value. 

3. The Two-wattmeter Method, as a Special Case of Blondel’s 
Theorem.—Let the common terminal of the pressure coils be 


Line I ) 3 


Line 2 


Lined aon 


Fre. 95. 


connected to line 3, as shown in Fig. 95. Then the reading of the 
wattmeter connected in line 3 will be zero, and the instrument 
can be removed without affecting the two remaining instruments, 
the sum of the readings of which will give the total mean power, 
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de, 4(I.- Eis + Ip- Eos) = 301° E: + 1p: E2+15:Es) (1395) 
= Pp, (1396) 
This can be confirmed by putting Ey) = E; in Eq. (1391). 

It should be noted that the sum referred to throughout in this 
paragraph is the algebraic sum of the readings obtained with the 
connections illustrated in the figures. Should one or more of 
the readings be negative (which will often be the case), then 
such readings must be subtracted and not added. With instru- 
ments whose scale is only on one side of the zero, a negative 
reading will be a deflection in the wrong direction, and, for a 
reading in the right direction, the connections of the current or 
of the pressure coils will have to be reversed. After any such 
reversal, therefore, the reading of the instrument must be 
subtracted and not added. 

4. The Power Factor of a Balanced Three-line Star-connected 
Load.—For the load 


Zi = 20 = 23 = 2 (1397) 
where 2, = 26” (1398) 
then I= = etc., etc., (1399) 


so that I,: E, = 1,:E, = 1;-E; = 21,E, cos 4s. 

If the power consumption of such a system is measured by 
the two-wattmeter method, let W; and W: be the readings of the 
instruments connected in lines 1 and 2 respectively, 7.e., 

W, = 3h: Eis (1400) 
We = 312: Eo3. (1401) 

By reference to Fig. 76 it will be seen that 
E,3 = —E3; = —+/3e 1K; ae 1/36 Ey (1402) 


Eos = ++/3e !°E». (1403) 

Therefore, Wi = li: V3e°E, (1404) 
= 1/31,E; cos (0, — 30) (1405) 

and We = Ik: 1/37 °E, (1406) 
= 1/31.E, cos (8s + 30). (1407) 

Therefore, Wi + We = 20/31iF, cos 6, cos 30 (1408) 
= 3.2: IE, cos 0, (1409) 

and Wi. — We = 2v/3iek» sin 4, sin 30 (1410) 
= 24/3 1,hy sin bq, (1411) 


so that the power factor of the load z, is given by 


=W,— W 
cos 63 = cos |tan=! A/ 3 2, 


es 1412 
to We ( ) 
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96. The General Theory of Symmetrical Polyphase Systems 
of E.M.Fs. of Any Wave Form.—The general definition of such a 
system has already been given in Par. 74. Some of the more 
important features of the general theory of such a system will 
now be considered, with special reference to the three-phase 
system of e.m.fs. of irregular wave form. 


Note.—In the following paragraphs, subscripts denoting phase number 
or any related specification will be enclosed in brackets in order to dis- 
tinguish them from subscripts denoting harmonic order. 


1. Graphical Representation.—In general, the angle between 
the vectors representing successive members of an m-phase 
system of e.m.fs. of irregular wave form is not constant but is a 
periodic function of time. It is impossible, therefore, to repre- 
sent such a system by a figure of constant shape. If, however, 
the e.m.fs. concerned are of approximately sine-wave form, then 


Eq = 5 (1413) 
Eq en (1414) 
Eq = &?°E (1415) 


and for the r‘” phase 


2 ; 
where d= ie (1416) 


Fie. 96 Fig. 97. 
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so that the members of a sine wave system can be represented by 
the sides of a regular polygon of m sides, as shown in Fig. 96, or 
by the star-shaped Fig. 97. 

2 The Sum of the E.M.Fs. of a Symmetrical m-phase System.— 
Let Es) be the vector which represents this sum, 7.e., 


Es) = DEw. (1417) 


r=1 


If the n™ harmonic of E,,) be represented by E,,),, then (see 
Par. 74) 


Ele ae ete 8 oe ae vB (1418) 

Operating on each side of this equation with e'”®, 
eo eae re ae te) E. (1419) 

and, by subtraction, 
(1 — e*)Eq, = (1 —é™*)E,. (1420) 
U = ems 

Therefore, EGin= (oe JS (1421) 
and, since ¢ = af (1422) 


this can be put in the form 


PAY 
Eou = oe ER (1423) 
l-¢m 
Now (1 79") = 0, (1424) 
- so that, in general, Kis)n = 0. (1425) 


.2nT 
If, however, n= km, where kis any positive integer, (1 — é m ) 
also equals zero, so that in all such cases, 7.e., for all the harmonics 
whose order is a multiple of m, 


E(syn = (1426) 


0 
0 
and appears to be indeterminate. Its value can, however, be 
found as usual by differentiating the numerator and the denom- 
inator of the operational expression in Eq. (1423) with respect 
ton and then putting n = km in the result. 


Thus 
ae j2nr j2n7 
Lt ( ae) = Lt — (1427) 
1 feats 


= m when n = km. (1428) 
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Therefore, E,.)n = 0 in general (1429) 

= mE, when n = km (1480) 

and, since Eq) =D Een, (1431) 
n=1 


the resultis E,,) = m > E,, where n = m, 2m, 3m, etc. (1432) 


Thus, the sum of the e.m.fs. of a symmetrical m-phase system is an 
e.m.f. consisting of m times those harmonics of the first phase whose 
order is a multvple of m. 

In particular, the sum of the e.mfs. of a three-phase system 
consists of three times those harmonies of the first phase whose order 
is a multiple of 3. 

3. The Interconnection of the m-phase System—An m-phase 
system can be interconnected in either of the ways already 
described in relation to the three-phase system. The result 
of the interconnection is, however, different from the correspond- 
ing results in the simpler case. 

(a) Star Interconnection.—For the e.m.f. between lines 1 and 2 


Eqs) = Eq) — Eq) (1433) 


and for the n‘® harmonics of these e.m.fs. 


Ean = Eqn — Egyn (1434) 
=(1 =?) Ean (1435) 
Putting this operator in the form re’’, 
r? = (1 — cos nd)? + sin? n@ (1436) 
= 2(1 — cos n¢) (1437) 
= 22 sin? 2. (1438) 
ING 
Therefore, r = 2 sin oo (1439) 
. nr 
= 2 sin - (1440) 
; —sin nd 
Also, 0 = oe (1441) 
(2 sin >) 
= —cos wg (1442) 


2 
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and cos § = (aes) (1443) 
2 sin “3 
= sin a (1444) 
1 nd 
Equation (1435), therefore, becomes 
_.(@ nd 
Euan = 2 sine 1G- oie (1446) 
and the line e.m.f. for lines 1 and 2 is 
oe De ee 
Eq) = 2 23, sin aa Z Tt (1447) 


The remaining line e.m.fs. of the system can be derived from 


n=c 


Ei3) = > &*Ea2)n (1448) 
n=1 
Eos = > 6¢Eqayn (1449) 
n=1 
ete., ete. 


It should be noted that the wave form of the line e.m.fs. is 
different from that of the phase e.m.fs., owing to the absence of 
certain harmonics from the former. For all values of n such that 
n = km where k is any positive integer, Eq. (1440) gives 


r=0 (1450) 


Thus, all the harmonics the orders of which are multiples of the 
numbers of phases are absent from the line e.m.fs. of a star-connected 
system. In particular, the third, sixth, ninth, etc. harmonics 
will be absent from the line e.m.fs. of a star-connected three- 
phase system. Since in nearly all practical cases only the odd 
harmonics are present in the wave form, this means that the 
first harmonic present in the wave form of the line e.m.f. of such 
a system will be the fifth and, since, in general, the amplitude of 
the harmonics decreases rapidly with their order, this implies 
that the assumption of sine-wave form for the line e.m.fs. will 
usually result in a fairly high degree of accuracy. 
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It should further be noted that since 


Ee) = Eq) — Ew) (1451) 

Eos) = Ew) — Ew) (1452) 

Ecs4) = Evs) — Ew) (1453) 
etc., etc. 


E12) + Eos) + Ecsa) + Euus) + ete., etc. = 0 
quite independently of any assumptions with regard to wave 
form. 

(b) Ring Interconnection.—In ring interconnection the phase 
windings form a closed path for the e.m.f. produced by the addi- 
tion of all the phase e m.fs. It has been shown that this resultant 
e.m.f. is equal to m times the sum of the harmonics of the first 
phase whose order is a multiple of m. In general, the closed 
circuit in which this e.m.f. operates will have a low impedance, 
so that the amplitude of the circulating currents may be consider- 
able. This fact has to be taken into account in the design of ring- 
connected windings, and constitutes an inherent disadvantage 
of this type of connection as compared with star interconnection. 

The short-circuit path provided by the phase windings removes 
from the line pressures just those harmonics which would other- 
wise appear in the sum of the line pressures. Therefore, both 
with star and with ring interconnection, harmonics whose order is a 
multiple of the number of phases will be absent from the linee.m-fs., 
and the sum of the line e.m.fs. will be zero. 

4, Polyphase Loads.—The loads to which polyphase systems of 
e.m.fs. are applied can be similarly interconnected in star or in 
ring. The current and potential relationships for any given 
case can be obtained in a precisely similar manner to that 
employed in the three-phase system already considered, each 
harmonic being taken separately and the total result obtained 
by the summation of the individual results for the separate 
harmonics. 

As an example, take a three-line star-connected unbalanced 
three-phase load consisting of impedances whose values corre- 
sponding to the frequency of the n‘ harmonie will be written 
@(1)n) 2(2)n,and &(3)n- 

By analogy with Eqs. (1169), (1170) and (1171) of this chapter, 
the expressions for the n“ harmonic are: 


TaynZayn — Leyn@2yn = Equayn (1454) 
T(a)n%2yn — [gyn2ayn = Ean (1455) 
I(3yn2@ayn — Tanta = Ecsiyn (1456) 
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and for the neutral point of the load 


Tayn + Lyn + Lian = 0. (1457) 
As in Eq. (1180), the solution for Ij), will be 
Tan is 2(3)nE(12)n io 2(2)nE(31)n (1458) 


2yn@(2)n FH Z(2)n%3yn + 2(3)nZ1)n 
and similarly for Ig), and I3)p. 
The total currents I(1), Ii), Iig), will, therefore, be 


n= © T= © 
(2(3)nEa2)n — 2(2)nE(31)n) 
Ta) = Tan = : 1459 
; i ; > @(c)n : 
n= © Th =, 
(Za)nE3)n — 23)nEa2)n) 

Ia) = Ian = =. 3(1460 
x » &(e)n : 
n=o n=o0 

z8 Bs (22mE(3iyn — 2(1)nE@3)n) 
Igy = 2 Ton = x Tae (1461) 


where 
Zon = 2a)nZ2)n + 22)n%(8)n 1+ 23)n21)n- 
For reasons already given, the above currents will not contain 
harmonics whose order is a multiple of 3. 
If it is desired to state Ic, in terms of Eq.) only, since 


Ein = ied eee (1462) 
w= 0 
&(3)n — s2B 22 n 
then Ia) = >; 2 ae 2) Ei2)n- (1463) 
n=1 Oe 
Hae Pes fiiyn = 6222/3), 
Similarly, Ta) = ———E23)n (1464) 
n=1 &c)n 
: i) Tae jene2 n 
I) = > oo a SP 9 (31)ns (1465) 
n=1 cm 
If the loads are balanced, 7.e., if 
Za)n = %2(n) = 2(3)n = %s)ny (1466) 
n= @ 
E2)n 
Ia) = 1 — &?n¢ 1467 
then (1) > ( as Boma ( ) 
n= 0 E 
S21, (Wa aa (1468) 
Aeil 32(s)n 
n= © 
= >» (1 — eine — gi2nd 4 cisne) Han (1469) 
n=1 32(s)n 
raat Ge) 
= 3 — (cine 4 ¢i2ne 4 ino) se (1470) 
(s)n 
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But, as shown in Par. 96, 
ee ee at) (1471) 


unless n = 3k, all of which cases are already excluded. 


Ean 
Therefore, Lane > ae (1472) 
n=1 es 
n= a>) o 
Ie = > oe . (1473) 
n=l Sn 
ee —E 3)n 
Ig) = ye Bat (1474) 
n=1 ey 


there being in none of these currents any harmonics of orders 
which are a multiple of 3. 

(a) Four-line Star-connected Load.—The analysis of this case 
is comparatively simple, since 


Va) = Eq) (1475) 
etc., etc., 
Be — Eqn 
so that Iq) = (1476) 
Ail @(1)n 
re WE 2)n 
Loc= 1477 
(2) x ae (1477) 
I) = Esq), (1478) 
n=1 “@)n 
For the current in the fourth line, 
Io) = ~ da + Ig) + Ia) (1479) 
Ean 4. Een En 
= 1480 
> eet &(2)n - a) ( ) 
seaman: 1 eine el2ng 
ee 7 => a E n 1481) 
>» Ca 2(2)n an ss ( 
If the loads are balanced, then for the line currents 
av °F 
Ia) = —We (1482) 
n=1 2(s)n 
ni °F . 
Te) ails (1483) 
n= 1 &(s)n 
h= cE AN 
le) = > =G)n (1484) 


n=1 &(s)n 
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This appears to be the same as the result for the corresponding 
three-line case, but it must be remembered that in the present 
case there is nothing to prevent the existence of the harmonics 
whose order is a multiple of 3. 

For the current in the fourth line, 


_— a rong) (Ln 
Io) = >a (eet) (1485) 
and, as shown in Par. 96, (2), 
1+ + 72% — 0 in general (1486) 
= 3 when n = 8, 6, 9, etc., (1487) 
so that Io) =3 > Eon (1488) 


&(s)n 
where n = 3, 6, 9, etc., ete., so that, even with a balanced load, 
there is still a current flowing in the neutral line consisting of 
harmonics whose order is a multiple of 3. 
(b) Delta-connected Loads.—As in the sine-wave case already 
considered, 


Ta) = Tae) — Ii) (1489) 
ete., ete. 
Also T(2) = 'y Eamn (1490) 
a 2(12)n : 
Iw3) = > Fons (1491) 
, 2(23)n . 
"= Egtn 

Ti) = Sa 1492 
@1) >» nae (1492) 

"S (Eaan — Evin 
= a 1493 
so that Ta) >» (Ger ae) ( ) 


n=1 
and similarly for Ig) and Is). 
In terms of E,12) only Eq. (1493) can be written 


n= 0 


Ia) = > — = =e (12)n (1494) 


@(12)n @(31)n 


and the corresponding expressions for Ig) and Ig) can be written 
by symmetry. 
If the load is balanced, then putting 


2a2)n = 2(23)n = 2(31)n = &(m)n (1495) 
n=o0 E B 
the result is In = Da- ae cy (1496) 


n=1 yn 
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or, in terms of Eq), 

I. = (1 a 2nd) (] = ne )ECin (1497) 
(m)n 

and, as shown in Eqs. (1468) to (1470), the operator product equals 
3 in general and 0 when n = 3, 6, 9, etc., so that 

xt Ean 
In =3 >) —— 1498 
a) > ae (1498) 


I(2) = 3> 


n=1 


hee) 


I(3) =3 


n=1 


Keyn 
2(m)n 
Hen, 
2(m)n 


_ (1499) 


(1500) 


all harmonics whose order is a multiple of 3 being excluded from 
the series. 

5. Equivalence Conditions of Star- and Ring-connected Loads.— 
By a comparison of the line current equations for star- and ring- 
connected loads, it is seen that loads consisting of the impedances 
21), 2(2), 2(3), connected in lines 1, 2, and 3 (there being no neutral 
line), will be exactly equivalent to loads zZi2), 2(23), and 2:31) 
connected in ring between lines 1 and 2, 2 and 3, 3 and 1, provided 


ii B 
= oP (1501) 
@(23)n 2(c)n 
1 22 
= <2 (1502) 
&(81)n  — &(c)n 
1 23 
= ~@)r (1503) 
2(12)n &(c)n 
where Zon = 2(1)nZ(2)n 1 2(2)n2(3)n + 2(3)n2(1)n- (1504) 


If the loads be expressed as admittances, the equivalence 
condition takes the form 


= (yaynY(2)n) 


: 1505 
Y(12)n Se ( ) 
vesy = Wander) (1506) 

Y(c)n 
Y(31)n = (y(3ynYa)n) (1507) 

Y(c)n 
where Yom = Yan + Yan + Yeayn- (1508) 


As in Par. 89 the equivalence condition can be put in the 
alternative form 
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Yan = Ya2n + Yen + (Yarn arya) (1509) 
Y (23)n 

Yam = Ye3n + Yarn + (Ye2ayn zy) (1510) 
‘ Y@1)n 

Yan = Yin + Yea + Heusen) (1511) 
(12)n 


In practice it is only in certain simple cases that it will be 
possible to fulfil these conditions for the whole range of fre- 
quencies. If, for instance, the loads are pure inductances or 
pure resistances or pure capacities, the arrangement of conductors 
which satisfies the equivalence condition is independent of 
frequency and will, therefore, hold good for all the harmonics 
and for the fundamental. 

There is no practical difficulty in balanced loads. Putting 


Yan = Yen = YRn = Yoon (1512) 
Ya2n = Ye3n = Yain = Yim)n (1513) 


the conditions reduce to 
3Y(m)n = Yos)n) (1514) 


which would be comparatively easy to satisfy in any given case. 

6. Power in Three-phase Systems of General Wave Form.—The 
extension of the analysis given in Pars. 91 and 92 to the harmonics 
of a three-phase system does not present any great difficulty, 
but the subject is of little practical interest and will not, therefore, 
be considered in detail. 

The discussion in Par. 95 of the methods of measurement of 
the mean power in three-phase systems depends on assumptions 
which are equally valid for currents and potentials of general 
wave form and of sine-wave form, and will, therefore, apply 
equally well to the case of three-phase power of general wave 
form. This is due to the fact, proved in Par. 72, that, whatever 
may be the wave form of a current represented by the vector I 
and a potential difference represented by the vector E, the 
average value over a period of $I - E will be the average value of 
the power supplied by the current I in falling through the poten- 
tial E, and the magnitude of this quantity can be determined in 
the usual way by connecting a wattmeter so that the current I 
passes through its current coils, its potential coils being connected 
across the potential E. 
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EXAMPLES 


Note.—Any symbols used in these examples will have the same significance 
as in the preceding text. 

1. Three loads, 21, 22, and zs, consist respectively of a pure resistance of 100 
ohms, a pure resistance of 50 ohms in series with an inductance of .239 
henries, and a pure resistance of 75 ohms in series with an inductance of 
of .159 henries. The supply is a three-phase, three or four line, the line 
voltage being 70.7 volts and the frequency 50 p.p.s. 

(a) The load being connected in star, three line, calculate: 

(1) The line currents as vectors at the instant t = 0, in terms of the 
unit vector v, being given that E,. = E,.v when t = 0. 

(2) The corresponding scalar expressions for the instantaneous values 
of the line currents at any instant t. 

(3) The potential of the neutral point with respect to that of the 
neutral point of the supply, as a vector in terms of v at the instant 
t=10) 

(4) The scalar expression for the instantaneous value of the relative 
potential of the neutral point at any instant t. 

(b) The load being connected in star, four line, calculate: 

(1) The line currents and the current in the neutral line as vectors in 
terms of v at the instant t = 0. 

(2) The corresponding expressions in scalar form for the instantane- 
ous values of the line currents and the current in the neutral line 
at any instant t. 

(3) Verify that the current in the neutral line is the same as would be 
produced by an e.m.f. identical in magnitude and phase with the 
relative potential of the neutral point of the load in the three-line 
case acting in a circuit consisting of the above three loads con- 
nected in parallel. 

(c) The load being connected in A, 7.e., 12 = 100 ohms, etc., calculate: 
(1) The line currents as vectors in terms of v at the instant t = 0. 
(2) The corresponding scalar expressions for the instantaneous values 

of the line currents at any instant t. 

(3) The currents through the loads, as in (¢ — 1). 

(4) The currents through the loads, as in (c — 2). 

(d) The above load being connected in three line, star, find the equivalent 
A-connected load. Express the results as admittances in the form 
re’, 

(e) The above load being connected in A, 7.¢., 212 = 100 ohms, ete., find 
the equivalent star-connected load, the results being expressed as 
admittances in the form re, 

2. Find the mean power consumed in the load in each of the alternative 
connections specified above, 7.e., 

(a) Star, three line. 

(b) Star, four line. 

(RA: 

In (a) and (6) calculate the mean power by the two-wattmeter method 

formula (see Eq. (1396)) and also by the summation of IR, showing that 

the results obtained are in agreement. 
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3. Each arm of a balanced star-connected three-phase load consists of a pure 
resistance of 100 ohms in parallel with a pure inductance of .159 henries. 
The supply frequency is 50 p.p.s., and the line e.m.f. is 500 volts. 

(a) Representing the line e.m.f. Ei. by the vector 500+/2y, at the instant 
t = 0, express the line currents as vectors in terms of v at the instant 
t = 0. 

(b) Give the corresponding scalar expressions for the line currents at 
any instant t. 

(c) The power input to the load is measured by the two-wattmeter 
method. Calculate W; and W2, the readings of the two wattmeters, 
giving each its appropriate sign, and hence confirm that 0, the phase 
angle of each of the three equal loads, is given by 


AES =(Ww - we) |: 
Oaceg [v3 Ww + Wa) 

4. The loads specified in Example 3 are connected in star with a line connect- 
ing the neutral points of the load and the supply. Given that Ev) is 
represented at the instant t = 0 by the vector 100v (the supply frequency 
being 50 p.p.s.) and that the phase e.m.f. has a third harmonic in phase 
with the fundamental and 15 per cent of it in magnitude, calculate the 


current in the neutral line. Express the result as a vector in terms of v 
at the instant t = 0, and also in scalar form for any instant t. 


ANSWERS TO EXAMPLES 


1. (a) (1) Ia) = .544e16-2", 
IQ) = .540104.9°,, 
I(3) = .788¢239-5° y, 
(2) ig) = .544 cos (1007t + 16.2°) amperes 
ig) = .540 cos (1007t + 104.9°). amperes 
i(3) = .788 cos (1007t + 239.5°) amperes. 


(3) Vo = —13.80¢!106-18°,, 
(4) vo = —13.80 cos (100rt + 106.18°) volts. 
(b) (1) Tay = .57863%y 
Ii) = .638893-y; I, = —.41674- 4 y 


I(3) = .638)236.3°y, 
(2) ia) = .578 cos (1007t + 30°) amperes 
iq) = .638 cos (1007t + 93.7°) amperes 
i(3) = .638 cos (100rt + 236.3°) amperes 
io.) = —-41 cos (100rt + 74°4) amperes. 
(3) Admittance of the three loads in parallel 
y(e) = .0295«~ 331° 
Vo = —13.80¢i106.18°, 
y(eyV(o) = — 414755, 
Cm) sles 2.05e13-8°y 
Iq) = 1.11152.7°, 
I) = 2.09¢i225°y, 
(2) ia) = 2.05 cos (1007t + 13.8°) amperes 
iv) = 1.11 cos (1007t + 152.7°) amperes 
ics) = 2.09 cos (100rt + 225°) amperes. 
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(8) Ta) =v 
T(23) = 1.104<)63-7°, 
I(s1) = 1,104¢1206.3°,,, 
(4) igs) = cos (1007t + 0°) amperes 
(a3) = 1.104 cos (1007t + 63.7°) amperes 
1(31) = 1.104 cos (1007t + 206.3°) amperes. 
(d) .00374¢7 i25-12° 
.00418¢— 158.82° 
.0037 4e— 12-52", 
(ce) .0285<—i4.6° 
02857 327-2" 
.0315¢7 160.9°, 


. (a) 45.37 watts. 


(b) 42.14 watts. 
(c) 126.2 watts. 


3. (a) Ia) = 9.15«7 133-45" y 
TQ) = 9.15 <186.55°,, 
I (3) = 9.15¢1206-55° y, 
(b) ig) = 9.15 cos (1007t — 33.45°) amperes 
iq) = 9.15 cos (1007t + 86.55°) amperes 
i¢3) = 9.15 cos (1007t + 206.55°) amperes. 
(c) Way = —195 watts 
Wo) = 2,700 watts 
6= tan™| — 4/3 (Faz) | = — tan—!2.0. 
Aol = 4d. 122085, 


iqo)s = .542 cos (3007rt — 33.66°) amperes. 
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Addition and subtraction of any 
number of vectors, 8 
vector, 6 
Admittance operator, general, 47 
Alternating-current bridge circuits, 
62 
balance condition, 63 
inductance bridge, 63 
Max Wien bridge, 64 
networks, energy conditions (sine 
wave), 50 
Kirchhoff’s laws, 38, 39, 40 
transformer, 60 
Alternating currents in practice, 119 
of general wave shape, 119 
application of Kirchhoff’s laws 
to vectors representing, 125 
definition of, 119 
identity and equivalence of, 
135 
impedances, capacity, 128 
general, 128 
inductance, 127 
resistance, 127 
power equations, 129 
factor, 133 
R.MLS. value of, 132 
vectorial expression for magni- 
tudes of harmonics of, 121 
representation of, 120 
representation as scalar product, 


37 
Alternating potential difference, 
R.M.S. value of, 37 
Alternative form for operator 
(a + jb), 11 


(cos 6 + jsin 6), 12 
Amplitude and phase of free oscilla- 
tions, 91 
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Angle, phase, 46 
Answers to examples, Chapter I, 22 
Chapter II, 28 
Chapter III, 35 
Chapter IV, 66 
Chapter V, 82 
Chapter VI, 117 
Chapter VII, 138 
Chapter VIII, 183 
Application of laws of indices to 
operators of form €7%, 13 
Attenuation factor, 77 
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Balance condition, alternating-cur- 
rent bridge circuits, 63 
Balanced three-phase loads, delta 
and star, equivalence of, 160 
delta-connected, 157 
non-reactive, mean power in, 
167 
periodic power term, 164 
three-line, star-connected, 154 
non-reactive, mean power, 166 
power factor of, 171 
Bibliography, 184 
Bridge circuits (see Alternating-cur- 
rent bridge circuits). 
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Cables, telegraph, and telephone 
(see Telegraph and telephone 
cables). 

Calculations, graphic, with vectors 
and operators, 19 

Capacity and inductance, distrib- 
uted, 69 

and resistance in parallel, 53 
with inductance and resistance, 
55 
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Capacity, current and potential rela- 
tion-ships, damped electric 
oscillations, 84 

general wave form, 128 
sine-wave form, 43 
effect of, on wave form, 128 


inductance, and resistance in 
series, 44 
Circle diagram of induction motor, 
49 


Circuits coupled, free oscillations in 
(see Free oscillations in coupled 
circuits). 

inductively coupled (see Induc- 
tively coupled circuits) 
of negligible damping, 107 

Circular and hyperbolic functions of 

operators, 69 
standard forms of, 72 

Coefficient of coupling, 61 

Combinations of operators, 16 

Condenser, dielectric losses, 54 

insulation resistance, 54 

Conductance, 47 

Conjugate operators, 17 

Constant-ratio current transformer, 
62 

Continuous oscillations, 96 

energy conditions, 99 
production of, by negative resist- 
ance, 96 
by thermionic valve, 100 

Coupled circuits (see Inductively 

coupled circuits). 
free oscillations in (see Free oscil- 
lations in coupled circuits). 

Coupling, coefficient of, 61 

Current and potential distribution, 
telegraph and telephone cables 
(see Telegraph and telephone 


cables). 
and potential relationships, 
damped electric oscilla- 


tions, capacity, 84 
inductance, 84 
resistance, 84 
general wave form, capacity, 
128 
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Current and potential relationships, 
general wave form, general 
impedance, 128 

inductance, 127 
resistance, 127 
sine-wave form, capacity, 43 
inductance, 42 
resistance, 41 
loci with constant e.m.f. and vari- 
able impedance, 48 
transformer, constant-ratio, 62 

Currents, alternating (see Alternat- 

ing current). 
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Damped electric oscillations, 84 
current and potential relation- 
ships, capacity, 84 
inductance, 84 
resistance, 84 
energy conditions, 85 
forced, 93 
free, 88 
amplitude and phase of, 91 
logarithmic decrement of, 91 
period of, 91 
vectorial representation of, 84 
vectors representing, applications 
of Kirchhoft’s laws to, 84 
Decrement, logarithmic, 91 
Definitions, alternating current of 
general wave form, 119 
differential coefficient of a vector, 
30 
operator j, 6 
Ils 2 
resonance, 49 
R M.S. value of an alternating 
current or potential differ- 


ence, 38 
scalar product of two vectors, 23 
square, 24 
symmetrical m-phase system of 
e.m.fs., 140 


unit vector, 4 
Delta-connected and star-con- 
nected loads, equivalence of, 
158 
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Delta-connected balanced load, 157 
supply system, 146 
three-phase system, 145 
unbalanced load, 156 
load, general wave form, 179 
Detector, shunt, effect of, on wave 


meter, 55 
Diagram, circle, of induction motor, 
49 


Differential coefficient of vector, 
definition of, 30 
general expression for, 30 
Differentiation of scalar products, 
32 
of vectors, 29 
Distributed capacity and 
tance, 69 
Double-frequency term in sine-wave 
power, 50 
Dynatron, 97 


induc- 
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Effective or R.M.S. value of an 
alternating current, 37 
Electric oscillations, damped (see 
Damped electric oscillations). 
Energy conditions, alternating-cur- 
rent networks (sine wave), 
50 
equations, general wave form, 129 
Equations involving scalar products 
of variable vectors, 33 
Equivalence and identity of alter- 
nating currents of general wave 
form, 135 
condition, three-phase loads, 
general wave form, 180 
of star- and _  delta-connected 
loads, 158 
Examples, Chapter I, 21 
Chapter II, 27 
Chapter III, 35 
Chapter IV, 65 
Chapter V, 81 
Chapter VI, 117 
Chapter VII, 138 
Chapter VIII, 182 
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Exponential functions of operators, 
72 


series, 13 
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Forced damped oscillations, 93 
Fourier’s theorem, 121 
vectorial form, 121 
Free oscillations in coupled circuits, 
104 
analogy of sympathetic pendu- 
lums, 111 
circuits of negligible damping, 
107 
conditions for oscillations of one 
frequency only, 114 
general solution, 107 
isochronous circuits of equal 
damping, 109 
of equal damping, amplitude 
and phase of oscillations, 111 
of negligible damping, 109 
in oscillatory circuit (see 
Oscillations, free). 
Functions, hyperbolic, 70, 71 
of operators, 16 
circular and hyperbolic, 69 
standard forms of, 72 
vector, of time, 29 
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General admittance operator, 47 
case of impedances in parallel, 52 
expression for differential coeffi- 

cient of a vector, 30 
impedance operator, 47 
theory of symmetrical polyphase 
systems of general waveform, 
172 
wave form, alternating currents 
of (see Alternating currents 
of general wave form). 
Graphic calculations with vectors 
and operators, 19 
Graphical representation of opera- 
tors, 19 
of symmetrical m-phase system 
of sine wave e.m.fs., 172 
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Harmonics, currents containing odd 
only, 123 
in alternating current of general 
wave form, 121 
application of Kirchhoff’s laws 
to, 127 
vectorial expression for magni- 
tudes of, 121 
in interconnected symmetrical 
m-phase system, ring, 176 
star, 174 
in sum of e.m.fs. of symmetrical 
m-phase system, 174 
Hyperbolic functions, 70, 71 
of operators, standard forms, 72 
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Identity and equivalence of alternat- 
ing currents of general wave 
form, 135 

Impedance, 46 

general, with general wave form, 
128 
operator, 46 
general form, 47 
variable, current loci, 48 
vector, 46 

Impedances in parallel, general case, 
52 

Inductance and capacity, distrib- 
uted, 69 

and resistance in parallel with 
capacity and resistance, 45 
bridge, 63 
current and potential relation- 
ships, damped electric oscil- 
lations, 84 
general wave form, 127 
sine-wave form, 42 
effect of, on wave form, 127 
resistance, and capacity in series 
(sine wave e.m.f.), 44 
Induction motor, circle diagram, 49 
Inductively coupled circuits, 59 
alternating-current transformer, 
60 
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Inductively coupled circuits, alter- 
nating-current transformer, low 
resistance secondary, effect 
of, 61 

coefficient of coupling, 61 

constant-ratio current transformer 
62 

resonance condition, 59 

secondary resistance negligible, 59 

Insulation resistance of condenser, 
54 

Interconnection of symmetrical m- 

phase system, general wave 
form, ring, 176 
star, 174 
of three-phase e.m.fs., 142 

Introduction, 1 

Inverse of operator (a + jb), 17 

Isochronous circuits of equal damp- 
ing, 107 

of negligible damping, 109 


J 


j and scalar products, 26 
operator, definition of, 6 


K 


Kirchhoff’s laws, application of, to 
alternating currents of general 
wave form, 125 

to vectors representing damped 
electric osciilations, 84 
first, 38 
vectorial expression of (sine- 
wave currents), 38 
second, 40 
vectorial expression of (sine- 
wave potential differences), 41 


L 


Laws, Kirchhoff’s 
laws). 
of indices, application of, to opera- 
tors of form «79, 13 
Light, velocity of, 81 


(see Kirchhoft’s 
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Line currents, 145 
delta interconnection, 146 
star interconnection, 146 
operators, determination of loads 
in terms of, 160 
three-phase, 146 
Load potential differences, 
power in terms of, 167 
Loads, three-phase (see Star-con- 
nected, Delta-connected, Bal- 
anced, Unbalanced, etc.). 
determination of, in terms of line 
operators, 160 
general wave form, delta, 179 
four-line, star, unbalanced, 187 
three-line star, unbalanced, 176 
Loci, current, with constant e.m.f. 
and variable impedance, 48 
Logarithmic and exponential func- 
tions of operators, 72 
decrement of free oscillations, 91 


mean 


M 


Max Wien bridge, 64 
Mean power in three-phase systems, 
165 
delta-connected, balanced, 
reactive load, 167 
unbalanced non-reactive load, 
167 
four-line, star-connected, unbal- 
anced, non-reactive load, 166 
in terms of load potential differ- 
ences, 167 
three-line, star-connected, bal- 
anced, non-reactive load, 166 
unbalanced, non-reactive load, 
165 
reactive load, 166 
Measurement of three-phase power 
(see Three-phase power, meas- 
urement of). 
Motor, induction, circle diagram of, 
49 
M-phase, symmetrical system, sine 
wave e.m.fs., graphical repre- 
sentation of, 172 


non- 
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Multiplication, scalar, of vectors, 24 
law of distribution, 25 


N 


Negative resistance, 96 
sign, significance of, as applied to 
vectors, 7 


O 


Operator (a + jb), 10 
alternative form for, 11 
inverse of, 17 
admittance, general, 47 
conjugate, 17 
constant, vectors related by, 33 
(cos 6 + j sin 6), 11 
impedance, 46 
general, 47 
j, definition of, 6 
-l, definition of, 7 
r (cos 6 + j sin 6), sign and magni- 
tude of 0, 14 
Operators and scalar products, 25 
circular and hyperbolic functions 
of, 69 
standard form, 72 
combinations of, 16 
functions of, 16 
graphical calculations with, 19 
line, three-phase, 146 
logarithmic and exponential func- 
tions of, 72 
of form «9, application of laws of 
indices to, 13 
some important properties of, 15 
special cases of, 17 
three-phase, 143 
Oscillations, continuous, energy con- 
ditions, 99 
production of, 96 
by negative resistance, 96 
by thermionic valve, 100 
electric, damped (see Damped 
electric oscillations). 
free, in coupled circuits (see Free 
oscillations in coupled 
circuits. ) 
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Oscillations, free, in an oscillatory 
circuit, 88 
amplitude and phase of, 91 
logarithmic decrement of, 91 
period of, 91 


Ez 


Parallel impedances, general case of, 
52 
Pendulums, sympathetic, 115 
Period of free oscillations, 91 
Periodic term in three-phase power, 
162 
general case of balanced load, 164 
unbalanced, four-line, star-con- 
nected, non-reactive load, 164 
three-line, star-connected, non- 
reactive load, 163 
Phase and amplitude of free oscilla- 
tions, 91 
angle, 46 
difference, general wave form, 135, 
137 
Polyphase systems of general wave 
form, 172 
symmetrical, 140 
Potential difference, alternating (see 
Alternating potential differ- 
ence). 
Power factor of a balanced, three- 
line, star-connected load, 171 
general wave form, 133 
general wave form, 129 
in three-phase systems, 161 
general wave form, 181 
mean, in three-phase systems, 165 
delta-connected, balanced, non- 
reactive load, 167 
unbalanced, non-reactive 
load, 167 
four-line, star connected, unbal- 
anced, non-reactive load, 166 
in terms of load potential differ- 
ences, 167 
three-line, star-connected, bal- 


anced, non-reactive load, 
166 

unbalanced, non-reactive 
load, 165 
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Power, three-line, star-connected, 
unbalanced, reactive load, 166 
three-phase, measurement of, 168 
Blondel’s theorem, 169 
periodic term in, 162 
general case of balanced load, 
164 
unbalanced four-line,  star- 
connected, non-reactive 
load, 164 
unbalanced three-line, star- 
connected, non-reactive 
load, 163 
three wattmeter method, 168 
two wattmeter method, 170 
Problems involving distributed ca- 
pacity_and inductance, 69 
Product of two scalar products, 34 
scalar (see Scalar product). 
Production of continuous oscilla- 
tions, 96 
by negative resistance, 96 
by thermionic valve, 100 


Q 
Quenched spark system, 116 


R 


Representation, vectorial, of 
damped electric oscillations, 84 
Resistance and capacity in parallel, 
53 
and inductance in parallel with 
resistance and capacity, 55 
current and potential relation- 
ships, damped electric oscilla- 
tions, 84 
general wave form, 127 
sine-wave form, 41 
inductance and capacity in series, 
44 
insulation, of condenser, 54 
negative, 96 
power consumed 
form), 51 
Resonance, definition of, 49 
harmonic, 129 
inductively coupled circuits, 59 


in (sine-wave 
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R.MLS. value of alternating current, 
37 
of general wave form, 132 
Rotating vector, constant magni- 
tude, 29, 32 
exponentially decreasing magni- 
tude, 29, 32 
Rotation of a vector in agivenplane, 5 


S 


Scalar multiplication of vectors, 24 
product of two vectors, 23 
representation of alternating 
current as, 37 
products and j, 26 
and vector operators, 25 
differentiation of, 32 
product of, 34 
some important special cases, 24 
square, definition of, 24 
Series, exponential, 13 
Sign and magnitude of gin r (cos 9 + 
j sin 6), 14 
Spark, quenched, in wireless teleg- 
raphy, 116 
Special cases of operators, 17 
Standard forms of circular and 
hyperbolic functions of opera- 
tors, 72 
Star- and delta-connected loads, 
equivalence of, 158, 160 
four-line load, general wave form, 
178 
unbalanced load, 155 
non-reactive load, mean 
power, 166 
three-line, balanced load, 154 
power factor, 171 
balanced, non-reactive 
mean power, 166 
unbalanced load, 148 
potential of neutral point, 149, 
153 
unbalanced, mean power, 165 
non-reactive load, 152 
periodic power term, 163 
unbalanced, reactive load, 152 
mean power, 166 


load, 
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Stationary waves on wires, 78 
short-circuited line, 79 
Subtraction and addition of any 
number of vectors, 8 
of vectors, 7 
Sum of e.m.fs. of symmetrical m- 
phase system, general wave 
form, 173 
of three-phase system, 141 
Susceptance, 47 
Symmetrical m-phase system, inter- 
connection of, 174 
in ring, 176 
in star, 174 
of e.m.fs., definition of, 140 
sine wave e.m.fs., graphical 
representation of, 172 
sum of e.m.fs. of, 173 
harmonies in, 174 
polyphase systems of general wave 
form, 172 
Sympathetic pendulums, 115 
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Telephone and telegraph cables, 
73 
attenuation factor, 77 
current and potential distribution, 
general solution, 74 
physical interpretation of, 77 
short-circuited line, 75 
very long line, 78 
vector characteristic impedance, 
78 
wave-length constant, 77 
Theorem, Fourier’s (see Fourier’s 
theorem). 
Thermionic valve, 100 
Three-phase loads (see Star-con- 
nected, Delta-connected). 
general wave form, equivalence 
conditions, 180 
operators, 143 
power, measurement of, 168 
Blondel’s theorem, 164 
three wattmeter method, 168 
two wattmeter method, 170 
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Three-phase systems of e.m.fs. of 
general wave form, power in, 
181 

of sine-wave e.m.fs., 141 
delta-connected, 145, 146 
graphical representation of, 141 
interconnection of, 142 
mean power in, 165 
power in, 161 
star-connected, 144, 146 
sum of e.m.fs. of, 141 

Transformer, alternating-current, 60 

constant ratio, 62 

low resistance secondary, effect of, 

61 


U 


Unbalanced three-phase loads, delta- 
connected, 156 
non-reactive, mean power in, 
167 
four-line, star-connected, 155 
non-reactive, 166 
periodic power term, 164 
star- and delta-connected, equiva- 
lence of, 159 
thiee-line, star-connected, 148 
non-reactive, mean power, 165 
non-reactive, periodic power 
term, 163 
potential of neutral point, 149 
reactive, mean power in, 166 
Unit vector, definition of, 4 
derivation of, vector from, 5 


Vv 


Valve, thermionic, 100 
dynatron, 97 
Variable vectors, equations involy- 
ing scalar products of, 33 
Vector addition, 6 
(av + jbv), 9 
analysis, application of, to alter- 
nating-current bridge circuits, 
62 
application to alternating currents, 
37 
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Vector derivation of, from unit 
vector, 5 

differential coefficient of, definition 
of, 30 


functions of time, 29 

general expression for differential 
coefficient of, 30 

impedance, 46 

operators (see Operators). 


rotating, constant magnitude, 
29, 32 
exponentially decreasing magni- 
tude, 29, 32 


rotation of, in a given plane, 5 
unit, definition of, 4 
Vectorial expression for magnitudes 
of harmonics of alternating 
currents of general wave form, 
121 
of Kirchhoff’s first law, sine- 
wave currents, 38 
of Kirchhoffs’ second law, sine- 
wave potential differences, 41 
form, current and potential 
relationships, damped electric 
oscillations, 84, 85 
general wave form, 127, 128 
of Fourier’s theorem, 121 
sine-wave form, 41, 42, 43 
representation of alternating cur- 
rents of general waveform, 120 
of a damped electric oscillation, 
84 
Vectors, additionandsubtractionof,8 
differentiation of, 29 
graphical calculations with, 19 
related by constant operator, 33 
representing alternating currents 
of general wave form, appli- 
cation of Kirchhoff’s laws to, 
125 
scalar product of, 23 
significance of negative sign as 
applied to, 7 
subtraction of, 7 
variable, equations involving 
scalar products of, 33 
Velocity of light, 81 
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WwW Wave-length constant, telegraph and 
telephone cables, 77 
Wave form, effect of, capacity, 128 Wavemeter, effect of shunt detector 
inductance, 129 on, 55 
resistance, 127 Waves, stationary, on wires, 78, 79 
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